
Technical Notes

Computational Performance of Complex Spacecraft Simulations
Using Back-Substitution

Cody Allard,∗ Manuel Diaz Ramos,† and Hanspeter Schaub‡

University of Colorado, Boulder, Colorado 80309-0431

DOI: 10.2514/1.I010713

Nomenclature

Bc; Si; Pc;j = rigid hub, ith solar panel, and jth slosh center of mass location, respectively

fb̂1; b̂2; b̂3g = body frame basis vectors
c = vector from point B to center of mass of the spacecraft C, m
Fext = vector sum of external forces on spacecraft, N

fĥi;1; ĥi;2; ĥi;3g = ith hinge frame basis vectors
�Isc;B�, �Ispi ;Si � = inertia tensor of spacecraft about point B, of solar panel about point Si, kg ⋅m2

ki, ci = ith solar panel torsional spring constant (�N ⋅m�∕rad), torsional damping (�N ⋅m ⋅ s�∕rad)
kj, cj = jth slosh particle spring constant (N∕m), damping ��N ⋅ s�∕m�
LB = vector of sum of external torques of spacecraft about point B, N ⋅m
msc, mhub, mspi

, mj = mass of spacecraft, hub, ith solar panel, and jth slosh particle, respectively
N, B, Hi, Pj = inertial frame origin, body frame origin, ith hinge frame origin, and jth slosh equilibrium point, respectively
N , B,Hi, Si = reference frame of inertial, body, ith hinge, and ith solar panel, respectively
rB∕N = position vector of B with respect to N, m
fŝi;1; ŝi;2; ŝi;3g = ith solar panel frame basis vectors
θi, ρj = ith solar panel deflection from equilibrium, jth slosh particle displacement
ωBN = angular velocity vector of B frame with respect to N frame, deg ∕s

I. Introduction

S PACECRAFT are becoming more complex, and performance requirements are becoming increasingly more stringent. As a result,
simulations of spacecraft need to be of higher fidelity to capture the complex behavior. Often this leads to simulating multibody systems, and

some examples of these systems are spacecraft with flexing solar arrays, fuel slosh, and robotic arms. The equations of motion (EOMs) that
describe one of these systems result in a nondiagonal systemmass matrix that can be difficult to implement in software as the resulting dynamics
are fully coupled. Additionally, inverting the systemmass matrix or solving the coupled systems of equations using linear algebra techniques can
be computationally expensive. Depending on the method used, inverting a dense systemmass matrix of sizeN × N scales withN3. However, the
computational efficiency depends on the form of the system mass matrix and the numerical methods used to solve the system of equations.

Multibody dynamics has a rich history in the literature especially pertaining to spacecraft applications [1–3]. Furthermore, there are many
different methods to derive EOMs that can lead to different forms of the equations [4]. Some forms of the EOMs can be more advantageous than
others. For example, using a tree topology to derive the EOMs results in a diagonally dominant systemmassmatrix [5,6]. This formof theEOMs is
advantageous because numerical method techniques can be used to solve system of equations with sparse system mass matrices and increase the
computational efficiency [7]. Additionally, Lagrangian mechanics can be used to arrive at diagonally dominant system mass matrices [8].
However, special identities must be used when dealing with attitude parameterization [9] and can be cumbersome with multibody dynamics
formulations. In contrast, spacial operator algebra can be used to form a diagonally dominant systemmass matrix [10], and a recursive algorithm
exists that corresponds to this form of the EOMs and shows to be more computationally efficient than inverting the full system mass matrix [11].

All of the methods described result in populating a system mass matrix. However, populating such a matrix and managing the interrelations
between different models can result in disorganized software and can be difficult to maintain [12]. In Ref. [12], a new modular software
architecture is introduced that uses an analytical back-substitution method to one-way decouple the EOMs while still solving the full system
dynamics. This enables complex spacecraft systems to be modeled in a modular manner in software frameworks such as the Basilisk
astrodynamics softwarewhere the user does not have to re-derive the EOMs, but is able to selectively activate spacecraft dynamic effectors such as
flexing panels, imbalanced reaction wheels, or fuel slosh particles. A couple of benefits of the back-substitution method are that it avoids the
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necessity to populate andmanage full systemmassmatrix and allows the coupledEOMs to be implemented in amodular fashion. Even though this
is advantageous from a software implementation perspective, the computational efficiency needs to be quantified in comparison to use an efficient
linear algebra solver. Reference [12] demonstrates that this back-substitutionmethod is achievable for a spacecraft system if the dynamic effectors
are all linked through a rigid spacecraft hub component, and not directly linked to each other. Thus, hinged panels are attached to the hub and not to
each other. This paper studies the computational efficiency of this back-substitution method in contrast to developing the full system matrix and
using a linear algebra solver to solve for the inverse. Two effectors with vastly different algebraic complexity are chosen to see how the effector
complexity impacts the back-substitution speed up factor. The EOMs and back-substitution method are developed for a spacecraft with lumped
mass fuel slosh (simple dynamic effector) and flexing appended bodies (complex dynamic effector). Of interest is how the complexity of the
analytical back-substitution impacts the computational speed of this method in contrast to a computational linear algebra solution.

II. Derivation of Equations of Motion

Theback-substitutionmethod introduced inRef. [12] is generalized for awidevariety of spacecraft applications and needs to be implemented to
a specific system to evaluate the computational efficiency of the method. Similar to this paper, multiple publications present models of spacecraft
dynamics with appended solar panels [13–15]. Additionally, usingmodal representations of appended bodies is a common practice to incorporate
multiple modes without solving the full continuous flexible body solution. The fuel slosh motion is being approximated by a lumped mechanical
multimodemodel [16,17].However, the EOMsneed to be derived using the systematic approach provided inRef. [12] to use the back-substitution
method. The derivation in this paper for the flexing and fuel slosh dynamics is similar to Ref. [18]. However, this formulation uses Kane’s method
[4], which is a powerful method used to derive EOMs.

The formulation assumes that there is a rigid-body hub, withNS solar panels (or appended rigid-bodies) andNP lumped masses in the tank for
the fuel. Subscript i is used to indicate the ith solar panel and subscript j is used to indicate the jth fuel sloshmass,mj. Figure 1 displays the frame
and variable definitions used for this formulation.

There are four coordinate frames defined for this formulation. The inertial reference frame is indicated by N :fn̂1; n̂2; n̂3g. The body-fixed
coordinate frame,B:fb̂1; b̂2; b̂3g, is anchored to the hub and can be oriented in anydirection. The solar panel frame,Si:fŝi;1; ŝi;2; ŝi;3g, has its origin
located at its corresponding hinge location,Hi. TheSi frame is oriented such that ŝi;1 points antiparallel to the center ofmass of its solar panel, Sc;i.
The ŝi;2 axis is defined as the rotation axis that would yield a positive θi using the right-hand rule. The distance from pointHi to point Si is defined
as di. The hinge frame, Hi:fĥi;1; ĥi;2; ĥi;3g, is fixed with respect to the body frame, and is equivalent to the respective Si frame when the
corresponding solar panel is undeflected.

There are a fewmore key locations that need to be defined. PointB is the origin of the body frame and can have any location with respect to the
hub. PointBc is the location of the center of mass of the rigid hub.Pj is the undeflected or equilibrium position of each corresponding slosh mass,
while point Pc;j is the current position of that slosh mass.

Figure 2 provides further detail of the fuel slosh and hinged solar panel parameters. As seen in Fig. 2b, an individual slosh particle is constrained
to move along its corresponding p̂j direction while connected by a spring with a linear spring constant value kj and by a linear damper with a
damping coefficient, cj. The variable ρj is a state variable and quantifies the displacement from equilibrium for the corresponding slosh mass.
Analogously, Fig. 2a shows that each solar panel, with massmspi

, is connected by a torsional spring with spring constant, kθ;i and has a rotational
damper with coefficient cθ;i. The state variable describing a solar panel’s angular displacement from equilibrium is θi.

Using the variables and frames defined, the derivation is completed using Kane’s method. Kane’s method is a powerful tool to derive EOMs
because it retains the same systematic approach regardless of the number of degrees of freedom being considered, it does not require the angular
momentum expression and its corresponding inertial time derivative, and it arrives at the desired angular velocity form [4,19].

Kane’s method begins by defining the state variables and their respective generalized speeds. For this problem, the state variables X and the
generalized speedsu can be seen inEqs. (1) and (2). It should be noted that another benefit of usingKane’smethod is that the generalized speeds do
not need to be the direct inertial time derivative of the state variables [4]. The vector rB∕N describes the location from the inertial frame origin to the

Fig. 1 Frame and variable definitions used for formulation.

a) Detailed description of single solar panel b) Detailed description of single slosh particle
Fig. 2 Further detail of solar panels and fuel slosh.
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body frame origin and is the translational state for the hub. The set σBN containsmodifiedRodrigues parameters (MRPs) describing the attitude of

the body frame Bwith respect to the inertial frameN . However, it should be noted that the EOMs developed in this paper are independent of the

chosen attitude parameterization set, and therefore any attitude parameterization set could be used.

X � � rB∕N σBN θ1 ⋅ ⋅ θNS
ρ1 ⋅ ⋅ ρNP

�T (1)

u � � _rB∕N ωBN
_θ1 ⋅ ⋅ _θNS

_ρ1 ⋅ ⋅ _ρNP
�T (2)

The angular velocity of the body frame B with respect to the inertial frame N is labeled as ωBN and is a generalized speed describing the

rotational velocity of the rigid hub. InKane’smethod there is typically an index r that defines the rth generalized speed. In this paper it is chosen to
keep the compact vector notation; therefore, when a vector is defined for the generalized speeds, it corresponds to three generalized speeds. For

example, the translational velocity of the hub _rB∕N corresponds to the r � 1–3 generalized speeds for this problem.
The next step inKane’smethod is to use the generalized states and speeds and define the translational velocity of each body’s center ofmass, and

the angular velocity of each body if it has inertia properties. Before defining these quantities, the notation used in this paper needs to be clarified.

Vector notation is taken fromRef. [20]. A time derivative of a vectorvwith respect to the body frameB is denoted byv 0; the inertial time derivative

is labeled as _v. This paper expresses vector equations as matrix equations. However, a reference frame in which the matrix components are

expressedwith respect to is not specified. It should be noted that when implementing these equations in software a single reference framemust be

used.A common frame to express the equations is the body frame,B. Because these equations arematrix equations, the following notation is used:

the cross product is expressed as � ~a�b, the dot product is expressed as aTb, and the outer product is expressed as abT .
In this problem, the translational velocity of the center of mass of the rigid-body hub can be computed as

_rBc∕N � _rB∕N � ωBN × rBc∕B � _rB∕N − � ~rBc∕B�ωBN (3)

and the rigid-body hub’s angular velocity is simply the generalized speed ωBN .
Similarly, the translational velocity of the center of mass of the ith solar panel is

_rSi∕N � _rB∕N � r 0Si∕B � ωBN × rSi∕B � _rB∕N � di _θiŝi;3 − � ~rSi∕B�ωBN (4)

and the angular velocity of the ith solar panel is defined as

ωSi∕N � ωBN � _θiŝi;2 (5)

The fuel slosh particles are assumed to be pointmasses that do not have inertia properties. Therefore, only the translational velocity of the center

of mass of each slosh particle needs to be defined. This definition is shown in Eq. (6).

_rPc;j∕N � _rB∕N � r 0Pc;j∕B � ωBN × rPc;j∕B � _rB∕N � _ρjp̂j − � ~rPc;j∕B�ωBN (6)

Finally, the system’s center of mass velocity needs to be defined and can be seen in Eq. (7).

_rC∕N � _rB∕N � _c (7)

A crucial step in Kane’s method is defining the partial velocities [4] that are used for defining the EOMs. A partial velocity is defined as the

partial derivative of a velocity with respect to a generalized speed [4]. To define the notation used, if a rigid body with a center of mass labeled as

point A has a frame attached to it labeled asA, then the partial velocity of the center of mass with respect to the rth generalized speed is labeled as
vAr . The partial velocity of the rotational velocity of frameAwith respect to the rthgeneralized speed isωA

r . Using this notation, the partial velocity

table for this problem can be seen Table 1.
An additional partial velocity that is needed is �vC1–3� for the external force applied on the spacecraft,Fext. Using Eq. (7) the following is defined

�vC1–3� � �I3×3� (8)

Now that the partial velocities are defined, the EOMs can be found using Kane’s method. The following section summarizes the translational

EOM derivation.

A. Rigid Spacecraft Hub Translational Equations of Motion

Kane’s method defines generalized active forces and generalized inertia forces [4]. The definition of a generalized active force can be seen in

Eq. (9).

Table 1 Partial velocity table

r vBc
r ωB

r vSir ωSi
r vPc

r

1–3 �I3×3� �03×3� �I3×3� �03×3� �I3×3�
4–6 −� ~rBc∕B� �I3×3� −� ~rSi∕B� �I3×3� −� ~rPc;j∕B�
7 − �NS � 6� �03×1� �03×1� di ŝi;3 ŝi;2 �03×1�
�NS � 7� − �NS � 7� NP� �03×1� �03×1� �03×1� �03×1� p̂j
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Fr �
XN
r

vTr ⋅ F (9)

where F is a force being applied to the system. Using this definition the external force applied on the spacecraft for the translational equations is

defined as

F1–3 � �vC1–3�TFext � Fext (10)

Next the definition of a generalized inertia force is

F�
r �

XN
r

�ωT
r T

� � vTr �−mrar�� (11)

where T� is the generalized inertia torque of a rigid body, ar is the acceleration of each body’s center of mass, andmr is the corresponding mass

value. Using the definition, the generalized inertia forces for the translational motion are

F�
1–3 � �vBc

1–3�T�−mhub �rBc∕N� �
XNS

i

�vSi1–3�T�−mspi
�rSi∕N� �

XNP

j

�vPc

1–3�T�−mj �rPc;j∕N� � −mhub �rBc∕N �
XNS

i

−mspi
�rSi∕N �

XNP

j

−mj �rPc;j∕N (12)

The last definition needed for Kane’s method is Kane’s equation [4], seen in Eq. (13), which will yield the EOMs of the system.

Fr � F�
r � 0; r � 1; 2; : : : N (13)

Applying Eq. (13) to the translational motion yields

Fext −mhub �rBc∕N �
XNS

i

−mspi
�rSi∕N �

XNP

j

−mj �rPc;j∕N � 0 (14)

Expanding the acceleration terms and simplifying results in the following equation:

mhub �rB∕N �mhub� _ωB∕N × rBc∕B � ωB∕N × �ωB∕N × rBc∕B�� �
XNS

i

mspi
� �rB∕N � di��θiŝi;3 � _θ2i ŝi;1�

�2ωB∕N × r 0Si∕B � _ωB∕N × rSi∕B � ωB∕N × �ωB∕N × rSi∕B�� �
XNP

j

mj� �rB∕N � �ρjp̂j

�2ωB∕N × r 0Pc;j∕B � _ωB∕N × rPc;j∕B �ωB∕N × �ωB∕N × rPc;j∕B�� � Fext (15)

Combining like terms and moving second-order state variables to the left-hand side of the equation

msc �rB∕N −msc� ~c� _ωB∕N �
XNs

i

mspi
diŝi;3 �θi �

XNP

j�1

mjp̂j �ρj � Fext − 2msc� ~ωB∕N �c 0−msc� ~ωB∕N �� ~ωB∕N �c −
XNs

i

mspi
di _θ

2
i ŝi;1 (16)

Equation (16) is the final form of the translational EOM.

B. Rigid Spacecraft Hub Rotational Equations of Motion

The total external torque acting on the spacecraftLB needs to be defined as a generalized active force.UsingEq. (9) the generalized active forces

acting on the spacecraft for the rotational equations can be defined as

F4–6 � �ωB
4–6�TLB � LB (17)

To compute the generalized inertia forces using Eq. (11), T� needs to be defined for a rigid body. The following definition applies to both the
rigid body hub and each solar panel

T� � −�Ic� _ω − � ~ω��Ic�ω (18)

Using this definition, the generalized inertia forces for the rotational dynamics are
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F�
4–6 � �ωB

4–6�TT�
hub � �vBc

4–6�T�−mhub �rBc∕N� �
XNS

i

��vSi4–6�T�−mspi
�rSi∕N� � �ωSi

4–6�TT�
spi
�

�
XNP

j

�vPc

4–6�T�−mj �rPc;j∕N� � −�Ihub;B� _ωB∕N − � ~ωB∕N ��Ihub;B�ωB∕N −mhub� ~rBc∕B� �rBc∕N

�
XNS

i

�−mspi
� ~rSi∕B� �rSi∕N − �Ispi ;Si � _ωSi∕N

− � ~ωSi∕N
��Ispi ;Si �ωSi∕N

� �
XNP

j

−� ~rPc;j∕B�T�−mj �rPc;j∕N�

(19)

Now that both the generalized active and inertia forces have been defined, Kane’s equation, Eq. (13), is used to obtain the EOMs for the
rotational dynamics

LB − �Ihub;B� _ωB∕N − � ~ωB∕N ��Ihub;B�ωB∕N −mhub� ~rBc∕B� �rBc∕N �
XNS

i

�−mspi
� ~rSi∕B� �rSi∕N

−�Ispi ;Si � _ωSi∕N
− � ~ωSi∕N

��Ispi ;Si �ωSi∕N
� �

XNP

j

−� ~rPc;j∕B�T�−mj �rPc;j∕N� � 0

(20)

The rotational dynamics equation requires more extensive simplification. However, these steps are not included here for sake of brevity.
Combining like terms and simplifying results in

LB −msc� ~c� �rB∕N − �Isc;B� _ωB∕N −
XNS

i

�Isi;2 ŝi;2 �mspi
di� ~rSi∕B�ŝi;3��θi −

XNP

j�1

mj� ~rPc;j∕B�p̂j �ρj

−� ~ωB∕N ��Isc;B�ωB∕N �
XNS

i

�−2mspi
� ~rSi∕B��ωB∕N × r 0Si∕B� − _θi�Isi;3 − Isi;1��ŝi;1ŝTi;3 � ŝi;3ŝ

T
i;1�ωB∕N

−mspi
di _θ

2
i � ~rSi∕B�ŝi;1 − Isi;2

_θi� ~ωB∕N �ŝi;2� −
XNP

j�1

mj� ~ωB∕N �� ~rPc;j∕B�r 0Pc;j∕B � 0

(21)

Similar to the translational equation, the second-order state variables are moved to the left-hand side of the equation

msc� ~c� �rB∕N � �Isc;B� _ωB∕N �
XNS

i

�Isi;2 ŝi;2 �mspi
di� ~rSi∕B�ŝi;3��θi �

XNP

j�1

mj� ~rPc;j∕B�p̂j �ρj

� −� ~ωB∕N ��Isc;B�ωB∕N − �I 0sc;B�ωB∕N −
XNS

i

�mspi
� ~ωB∕N �� ~rSi∕B�r 0Si∕B �mspi

di _θ
2
i � ~rSi∕B�ŝi;1 � Isi;2

_θi� ~ωB∕N �ŝi;2�

−
XNP

j�1

mj� ~ωB∕N �� ~rPc;j∕B�r 0Pc;j∕B � LB

(22)

Equation (22) is the final form of the rotational dynamics EOM. Now the individual flexing and slosh EOMs need to be computed to fully
describe the motion of the system.

C. Hinged Rigid-Body Equations of Motion

Following a similar pattern of the translational and rotational equations, the generalized active forces acting on an individual solar panel are
defined as

F7 � ωSi
r ⋅ �−kiθiŝi;2 − ci _θiŝi;2� � ŝi;2 ⋅ �−kiθiŝi;2 − ci _θiŝi;2� � −kiθi − ci _θi (23)

The generalized inertia forces are defined accordingly

F�
7 � ωSi

r ⋅ T�
spi

� vSir ⋅ �−mspi
�rSi∕N� � ωSi

r ⋅ �−�Ispi ;Si � _ωSi∕N
− � ~ωSi∕N

��Ispi ;Si �ωSi∕N
� � vSir ⋅ �−mspi

�rSi∕N� (24)

Using Kane’s equation, the EOM for the hinged rigid-bodies can be seen in Eq. (25).

−kiθi − ci _θi � ŝi;2 ⋅ �−�Ispi ;Si � _ωSi∕N
− � ~ωSi∕N

��Ispi ;Si �ωSi∕N
� � diŝi;3 ⋅ �−mspi

�rSi∕N� � 0 (25)

Expanding and simplifying terms in Eq. (25) yields

−mspi
diŝi;3 ⋅ �rB∕N − �Isi;2ŝTi;2 −mspi

diŝ
T
i;3� ~rSi∕B�� _ωB∕N − �Isi;2 �mspi

d2i ��θi
−kiθi − ci _θi − �Isi;1 − Isi;3�ωsi;3ωsi;1 −mspi

diŝi;3 ⋅ �2ωB∕N × r 0Si∕B � ωB∕N × �ωB∕N × rSi∕B�� � 0
(26)

Finally, the second-order state variables are moved to the left-hand side of the equation:
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mspi
diŝ

T
i;3 �rB∕N � �Isi;2ŝTi;2 −mspi

diŝ
T
i;3� ~rSi∕B�� _ωB∕N � �Isi;2 �mspi

d2i ��θi
� −kiθi − ci _θi � �Isi;3 − Isi;1�ωsi;3ωsi;1 −mspi

diŝ
T
i;3� ~ωB∕N �� ~ωB∕N �rSi∕B � 0

(27)

Equation (27) is the final form of the EOMs for an individual hinged rigid body. Notice that the second-order state variables for the hub and the
current hinged rigid body are present, but the second-order state variables for the other hinged rigid-bodies and the slosh particles are not. This is a
key insight and will allow for the back-substitution method introduced in Ref. [12].

D. Fuel Slosh Equations of Motion

Figure 2b shows that a single fuel slosh particle is free to move along its corresponding p̂j direction and this formulation is generalized to
include NP number of fuel slosh particles. To begin the derivation, the generalized active forces are defined:

F7 � vPc
r ⋅ �−kρjp̂j − c_ρp̂j� � −kρj − c_ρ (28)

Additionally, the generalized inertia forces are defined as

F�
7 � vPc

r ⋅ �−mj �rPc;j∕N� � p̂T
j �−mj �rPc;j∕N� (29)

Using Kane’s equation the following EOMs are obtained:

−kρj − c_ρ −mjp̂
T
j � �rB∕N � �ρjp̂j � 2ωB∕N × r 0Pc;j∕B � _ωB∕N × rPc;j∕B �ωB∕N × �ωB∕N × rPc;j∕B�� � 0 (30)

Combining like terms, moving second-order state variables to the left-hand side, and simplifying results in

mjp̂
T
j �rB∕N −mjp̂

T
j � ~rPc;j∕B� _ωB∕N �mj �ρj� −kjρj − cj _ρj − 2mjp̂

T
j � ~ωB∕N �r 0Pc;j∕B −mjp̂

T
j � ~ωB∕N �� ~ωB∕N �rPc;j∕B (31)

Equation (31) is the slosh EOM and completes the derivation of the EOM of a spacecraft with NS appended hinged rigid bodies and NP fuel
slosh particles.When deriving the EOMs of a new system, it is important to verify that the system is agreeingwith first principles, and onemethod
to check this is by verifying energy and momentum conservation when applicable. The EOMs of this system were derived in Ref. [18] using
Newtonian and Eulerian mechanics and the authors provided energy and momentum checks. The equations presented in this paper were
developed usingKane’smethod and are identical to those seen in Ref. [18]. The conservation of total spacecraft rotational angularmomentum and
rotational energy is shown in Fig. 3 for the EOMs presented in this paper. These results give confidence in the EOMs and the software
implementation. The conservation of energy and momentum results are independent of the spacecraft parameters and initial conditions of the
system, which is why these values are not included in the paper. This is the system that the computational performance of the back-substitution
method will be tested with. The following section develops the back-substitution form for this system.

III. Back-Substitution Method

The equations presented in the previous sections result in NS � NP � 6 fully coupled differential equations. Therefore, if the EOMs were
placed into state space form, a system mass matrix of size NS � NP � 6would need to be inverted or solved using a linear algebra technique to
numerically integrate the EOMs using explicit integration techniques. This can result in a computationally expensive simulation. In Ref. [12] the
back-substitution method is introduced, and this section shows the implementation of this method for a systemwith flexing appended bodies and
fuel slosh particles.

FollowingRef. [12], first both the slosh particles and flexing equations are rearranged so that the second-order state variables are isolated on the
left-hand side of the equations. Performing this on the slosh equation yields

�ρj �
1

mj

�−mjp̂
T
j �rB∕N �mjp̂

T
j � ~rPc;j∕B� _ωB∕N �p̂T

jFG − kjρj − cj _ρj − 2mjp̂
T
j � ~ωB∕N �r 0Pc;j∕B −mjp̂

T
j � ~ωB∕N �� ~ωB∕N �rPc;j∕B� (32)

a) Relative change in rotational angular momentum b) Relative change in rotational energy
Fig. 3 Simulation verification results for equations of motion.

432 J. AEROSP. INF. SYS., VOL. 16, NO. 10: TECHNICAL NOTES

D
ow

nl
oa

de
d 

by
 U

N
IV

E
R

SI
T

Y
 O

F 
C

O
L

O
R

A
D

O
 o

n 
O

ct
ob

er
 3

1,
 2

01
9 

| h
ttp

://
ar

c.
ai

aa
.o

rg
 | 

D
O

I:
 1

0.
25

14
/1

.I
01

07
13

 



Equation (32) can be simplified to the following form:

�ρj � aT
ρj �rB∕N � bTρj _ωB∕N � cρj (33)

using the definitions seen in Eqs. (34–36).

aρj � −p̂j (34)

bρj � −� ~rPc;j∕B�p̂j (35)

cρj �
1

mj

�p̂T
jFG − kjρj − cj _ρj − 2mjp̂

T
j � ~ωB∕N �r 0Pc;j∕B −mjp̂

T
j � ~ωB∕N �� ~ωB∕N �rPc;j∕B� (36)

This same process is completed for the flexing equations. Equation (27) is manipulated to have �θi isolated on the left-hand side of the equation:

�θi �
1

�Isi;2 �mspi
d2i �

�−mspi
diŝ

T
i;3 �rB∕N − ��Isi;2 �mspi

d2i �ŝTi;2 −mspi
diŝ

T
i;3� ~rHi∕B�� _ωB∕N

−kiθi − ci _θi � ŝi;2 ⋅ τext;Hi
� �Isi;3 − Isi;1 �mspi

d2i �ωsi;3ωsi;1 −mspi
diŝ

T
i;3� ~ωB∕N �� ~ωB∕N �rHi∕B�

(37)

Adhering to the general form introduced in Ref. [12], the equation is converted to

�θi � aT
θi
�rB∕N � bTθi _ωB∕N � cθi (38)

using the variables defined in Eqs. (39–41).

aθi � −
mspi

di
�Isi;2 �mspi

d2i �
ŝi;3 (39)

bθi � −
1

�Isi;2 �mspi
d2i �

��Isi;2 �mspi
d2i �ŝi;2 �mspi

di� ~rHi∕B�ŝi;3� (40)

cθi �
1

�Isi;2 �mspi
d2i �

�−kiθi − ci _θi � ŝi;2 ⋅ τext;Hi
� �Isi;3 − Isi;1 �mspi

d2i �ωsi;3ωsi;1 −mspi
diŝ

T
i;3� ~ωB∕N �� ~ωB∕N �rHi∕B� (41)

The next step in the back-substitution method derivation [12] is to replace the second-order state variables for flexing and fuel slosh in the

translational EOM, Eq. (16), with the definitions seen in Eqs. (33) and (38). Performing this step and combining like terms yields the decoupled

translational EOM

�
msc�I3×3� �

XNS

i�1

mspi
diŝi;3a

T
θi
�

XNP

j�1

mjp̂ja
T
ρj

�
�rB∕N �

�
−msc� ~c� �

XNS

i�1

mspi
diŝi;3b

T
θi
�

XNP

j�1

mjp̂jb
T
ρj

�
_ωB∕N

� msc �rC∕N − 2msc� ~ωB∕N �c 0 −msc� ~ωB∕N �� ~ωB∕N �c −
XNS

i�1

�mspi
di _θ

2
i ŝi;1 �mspi

dicθi ŝi;3� −
XNP

j�1

mjcρj p̂j

(42)

Completing the same method for the rotational EOM, Eq. (22), the decoupled rotational EOM can be seen in Eq. (43).

�
msc� ~c� �

XNS

i�1

�Isi;2 ŝi;2 �mspi
di� ~rSc;i∕B�ŝi;3�aT

θi
�

XNP

j�1

mj� ~rPc;j∕B�p̂ja
T
ρj

�
�rB∕N �

�
�Isc;B� �

XNS

i�1

�Isi;2 ŝi;2

�mspi
di� ~rSc;i∕B�ŝi;3�bTθi �

XNP

j�1

mj� ~rPc;j∕B�p̂jb
T
ρj

�
_ωB∕N � −� ~ωB∕N ��Isc;B�ωB∕N − �I 0sc;B�ωB∕N

−
XNS

i�1

f�_θi� ~ωB∕N � � cθi �I3×3���Isi;2 ŝi;2 �mspi
di� ~rSc;i∕B�ŝi;3� �mspi

di _θ
2
i � ~rSc;i∕B�ŝi;1g−

XNP

j�1

�mj� ~ωB∕N �� ~rPc;j∕B�r 0Pc;j∕B �mjcρj � ~rPc;j∕B�p̂j� � LB

(43)

At this step, Eqs. (42) and (43) are only in terms of �rB∕N and _ωB∕N . Therefore, the translation and rotation EOMs can bewritten in the compact

form seen in Eq. (44).

� �A� �B�
�C� �D�

��
�rB∕N
_ωB∕N

�
�

�
vtrans
vrot

�
(44)
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using the definitions in Eqs. (45–50).

�A� � msc�I3×3� �
XNS

i�1

mspi
diŝi;3a

T
θi
�

XNP

j�1

mjp̂ja
T
ρj (45)

�B� � −msc� ~c� �
XNS

i�1

mspi
diŝi;3b

T
θi
�

XNP

j�1

mjp̂jb
T
ρj (46)

�C� � msc� ~c� �
XNS

i�1

�Isi;2 ŝi;2 �mspi
di� ~rSc;i∕B�ŝi;3�aT

θi
�

XNP

j�1

mj� ~rPc;j∕B�p̂ja
T
ρj (47)

�D� � �Isc;B� �
XNS

i�1

�Isi;2 ŝi;2 �mspi
di� ~rSc;i∕B�ŝi;3�bTθi �

XNP

j�1

mj� ~rPc;j∕B�p̂jb
T
ρj (48)

vtrans � msc �rC∕N − 2msc� ~ωB∕N �c 0 −msc� ~ωB∕N �� ~ωB∕N �c −
XNS

i�1

�mspi
di _θ

2
i ŝi;1 �mspi

dicθi ŝi;3� −
XNP

j�1

mjcρj p̂j (49)

vrot � −� ~ωB∕N ��Isc;B�ωB∕N − �I 0sc;B�ωB∕N −
XNS

i�1

f�_θi� ~ωB∕N � � cθi �I3×3���Isi;2 ŝi;2 �mspi
di� ~rSc;i∕B�ŝi;3�

�mspi
di _θ

2
i � ~rSc;i∕B�ŝi;1g −

XNP

j�1

�mj� ~ωB∕N �� ~rPc;j∕B�r 0Pc;j∕B �mjcρj � ~rPc;j∕B�p̂j� � LB

(50)

The system of equations in Eq. (44) can be solved using the Schur matrix formulation [21] seen in Eqs. (51) and (52).

_ωB∕N � ��D� − �C��A�−1�B��−1�vrot − �C��A�−1vtrans� (51)

�rB∕N � �A�−1�vtrans − �B� _ωB∕N� (52)

The remaining step to solve the systemof EOMs is to back-substitute the values for _ωB∕N and �rB∕N into Eqs. (33) and (38) and solve for all of the
second-order derivatives of the flexing and fuel slosh states. This back-substitution method for solving the system of EOMs is shown to be
beneficial from a software architecture perspective [12], but the computational performance of this method needs to be evaluated. Note that this
analytical back-substitution is quite complex in its algebra, and thus the speed improvements over doing a full systemmassmatrix inversion are of
interest. The more complex effectors such as the hinged panels require more algebra than the simpler fuel slosh particles.

IV. Back-Substitution Method Computational Performance

The resulting formulation for the back-substitution method removes the necessity of inverting the system mass matrix and only requires two
3 × 3matrix inversions using the Schurmatrix formulation seen inEqs. (51) and (52). This formof the solution is the same regardless of the system
being considered as long as it adheres to the form seen in Ref. [12]. This results in a fixed-size matrix implementation in software. In contrast, in
solutions having to populate a full system mass matrix, the mass matrix can change in size, which results in dynamically sized matrices that can
impact computational performance. The size of this matrix inversion is NS � NP � 6, where NS is the number of flexing bodies and NP are the
number of sloshing particles.

To analyze these effectswith respect to computational performance, a simulation is created to attach a varying number of fuel slosh particles and
flexing appended bodies to see how the performance scaleswith respect to the number of degrees of freedom. The software implementation of this
simulation was verified using energy and momentum conservation techniques, and the results can be seen in Fig. 3. Both the back-substitution
method introduced in this paper for this system and the full system matrix solution are considered in this analysis. The specific spacecraft
parameters for the hub, fuel slosh, and flexing appended bodies are not included here because the computational performance is independent of
these parameters. The associated mathematical operations are the critical component, not the numerical values being computed.

A computationally efficient C++ library named Eigen [22] is used for all of the matrix algebra. Eigen includes different methods to solve a
system of equations. One of them, widely known asQR decomposition, does not require the solution of the systemmassmatrix inverse, but rather
solves directly for the solution to the system [22]. The QR decomposition method is chosen for this comparison. The QR decomposition method
requires �4∕3�N3 operations, where N is the size of the matrix [23]. Other methods, such as LU decomposition that scales with �2∕3�N3

operations, could also have been used. However, the important discussion in this paper is how the back-substitution method computational
efficiency scales with the number of degrees of freedom of the system. The QR decomposition method is chosen purely as a benchmark.

The computational performance results are illustrated in Fig. 4. The quantity used to define the performance is the times longer for the system
mass matrix solution. Therefore, the higher the number, the more efficient the back-substitution method is. Also, it should be noted that the figure
uses an interpolation function to try and smooth the curves between the different data points. The data points are discrete integer values
representing the number of fuel slosh particles and solar panels, and so the discontinuities are expected. The results show that at a minimum the
back-substitution method is three times as fast and the speed improvements positively scale with the number of attached fuel slosh particles and
flexing appended bodies. When there are 10 fuel slosh particles and 10 appended flexing bodies, the system mass matrix solution takes 8 times
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longer to compute the solution. The back-substitution method is alwaysmore efficient because a dynamically allocated size matrix is not required
for this solution. The reason that the number of solar panels does not scale as quickly as fuel slosh particles is because of the complexity of the
EOMs. There are more calculations required when implementing the flexing equations than the fuel slosh equations; therefore, the speed up does
not scale as quickly as the fuel slosh. These results quantify the expected computational performance of the back-substitutionmethod and furthers
the applicability of the back-substitution method for complex spacecraft simulations.

It should be noted that there are techniques available to increase the computational efficiency of solutions of systems of equations depending on
the form of the systemmassmatrix. For example, onemethod is to ignore small-order effects from certain degrees of freedom in your system [23].
This approximation reduces the size of your systemmass matrix, thus making the solution more computationally efficient. The back-substitution
method also allows for this type of approximation. A powerful aspect of the back-substitution method is that the analytical expressions of the
EOMs are available, and therefore there is precise tuning available depending on the application. The key takeaway from this paper is showing that
the back-substitution method is computationally more efficient than the QR decomposition method, which serves as a benchmark comparison.
The increased computational performance is an additional attribute to the modularity of the back-substitution method discussed in Ref. [12].

V. Conclusions

The back-substitution method introduced in Ref. [12] modularizes the equations of motion for multibody spacecraft dynamics problems, and a
modular software architecture is presented using this method. It is shown to be beneficial from a software architecture perspective; however, the
computational efficiency is needed to be quantified. This paper analyzes the computational performance of the back-substitution method for a
spacecraft with a general number of fuel slosh particles and flexing solar arrays and confirms that the back-substitution method is more
computationally efficient than solving the system of equations using a QR decomposition to solve the system of equations. For this system the
back-substitution method is at least three times more efficient because the system does not require a dynamically allocated matrix, and the
performance shows to positively scale with the number of fuel slosh particles and appended flexing bodies. With 10 appended bodies and 10 fuel
slosh particles, the back-substitution method is 8 timesmore efficient. The computational performance gain shows to grow at a faster ratewith the
fuel slosh particles than the flexing appended bodies because the fuel slosh particles require less computation to be completed. These results
demonstrate that the back-substitution method is not only more convenient and maintainable from a software architecture point of view [12], but
also computationally efficient for simulating multibody spacecraft dynamics.
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