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Nomenclature

ap = acceleration of the space tug, m∕s2
C1xy = local-vertical/local-horizontal coordinate
cα = feedback control coefficient, m∕s2
cv = feedback control coefficient, 1∕s
cω = feedback control coefficient, m∕s
Di = sum of the perturbation forces acting on the space tug

and debris
d = distance between the space tug and debris, m
d = position vector of the debris relative to the space tug, m
ex = unit vector of the local vertical at the space tug

position, m
ey = unit vector of the local horizontal at the space tug

position, m
Fi = net force acting on the space tug () and debris (), N
F1;2 = Coulomb force acting on the debris, N
F2;1 = Coulomb force acting on the space tug, N
J = moment of inertia of the space debris, kg∕m2

kc = Coulomb constant
mi = mass of the space tug () and debris (), kg
m1 = mass of the tug, kg
m2 = mass of the debris, kg
n = mean motion of the space tug, rad∕s
P = tug’s thrust force vector, N
qi = craft charges and, C
ri = position vector of the space tug (i is equal to one) and

debris (i is equal to two), m
Ux, Uy = projections of the control force, N
ux, uy = projections of the accelerations provided by the

control forces Ux and Uy, m∕s2
α = angle between the local-horizontal line of the tug and

the line connecting the tug and debris, rad
θ = pitch attitude angle
θs = equilibrium position

I. Introduction

S PACE debris is a growing concern for both low-Earth-orbit
(LEO) and geosynchronous orbit (GEO) regimes [1–3]. In

particular, the comprehensive study in Ref. [2] discussed how zones
within the GEO regime are becoming very congested, rivaling the
worst LEO debris concerns. The defunct GEO satellites tend to be
very large, often reaching beyond 5–10 m in size, as well as rotating
and tumbling [4]. The act of docking onto such large and tumbling
space objects is very challenging; as a result, novel touchless debris
removal or despinning solutions are being explored. The ion-
shepherd method uses the ion engine exhaust to push and/or despin a
satellite [5], whereas the laser ablation method uses the debris’ own
mass as a thruster fuel source [6]. A promising touchless and low-
power solution is the electrostatic tractor [7]. Here, active charge
emission is used to both charge the tug or servicer vehicle as well as
the debris object. Although the original concept uses an electron gun
to charge the tug positive and debris negative, creating an attractive
electrostatic tractor force,with auxiliary charge emission on the tug, it
is also possible to charge both the servicer and debris to the same
potential to create a repulsive force [8,9].Most of the control research
using the electrostatic tractor considers a pulling configuration to
move GEO objects [10]. Earlier work considered the relative motion
control for a pusher configuration but did not consider any attitude
motion. Furthermore, modulated electrostatic tractor implementa-
tions were studied to detumble a space object without physical touch
[11]. This enabled orbital servicing and docking missions to first
remove a large amount of the rotational kinetic energy before
physically docking and engaging with a satellite.
The aim of this Note is to investigate the control of the space tug

and debris for the removal and detumbling of the space debris or
defunct satellites using electrostatic forces. The goal is to provide a
stable relative motion of the tug and the debris, both in terms of
translation and rotation. With the spacecraft and debris nominally
charged with the same polarity to consider a pusher configuration, a
feedback control method using both the thrusters for station-keeping
and the electrostatic charge modulation of the space tug for pushing
and detumbling is considered. The feedback control laws align the
tug–debris direction with the tug alongtrack orbit axis and maintain a
nominally constant distance between the charged tug and debris, all
while stabilizing the attitude motion of the debris. For the scope of
this Note, only inplane motion of the tug and debris are considered.
The tug is assumed as a sphere with a homogenous potential, and the
debris is assumed as a rigid conducting cylindrical body that has
nominal electric charges of the same sign; and the repulsive
electrostatic forces act between the tug and the debris. Furthermore,
the tug has two thrusters: the main thruster, which provides the
acceleration of the whole system for the disposal of the debris to a
disposal orbit; and the control thruster, which ensures the required
position of the tug relative to the debris. This scenario covers general
repositioning of both large and small GEO satellites, as well as
moving large space debris to a disposal orbit that lies to 200–250 km
above GEO.

II. Accurate Electrostatic Torque Approximations

A. Multisphere Model Overview

Modeling the electrostatic forces and torques between two three-
dimensional conducting shapes is readily solved these days using
numerical finite element programs. However, the time to evaluate a
single solution can range from 1min to tens ofminutes, depending on
the complexity of the scenario. To model the dynamics of two
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neighboring charged space objects, these force evaluation times are

orders of magnitude too large to be practical. Consider the GEO

regime in which natural charging can reach tens of kilovolts with

particular space weather conditions [12–16]. To numerically

simulate the rotational motion of two charged GEOs for one

orbit using a fourth-order Runge–Kutta integration method and a

0.1 s time step (common for attitude simulations), assuming a

conservative 60 s per force evaluation using a finite element solver,

would require 2400 days of computation time. Faster numerical

methods are required to approximate the electrostatic forces and

torques acting on a system of charged objects. The multisphere

method (MSM) is a lower-fidelity electrostatic modeling technique

that can be evaluated quickly enough for faster-than-realtime

applications [17,18].

With the MSM the conducting spacecraft charge distribution is

modeled through a series of spheres. The optimal locations of these

spheres are found through either a force and torque [19] or anE-field
matching technique [20]. Figure 1 illustrates a cylindrical rocket

body being modeled through a set of three internal spheres. This

MSM technique is called the volume MSM or VMSM. An alternate

MSM technique, called the surface MSM or SMSM, populates the

object’s surface with a series of spheres [18]. The SMSM can yield

more accurate approximations than the VMSM models, but the

number of spheres makes any analytical formulations impractical.

Assuming a two- to three-craft radii separation, either method can

yield accuracies that are better than 1–2%.

The MSM is an elastance-based method for predicting the force

and torque on conductors [21]. With either the VMSM or the SMSM

technique, the mathematical formulation of the E forces and torques

is the same. Assume the objects are represented through NT

conducting spheres for which the optimal body-fixed locations and

sizes have been determined a priori. The NT × 1 charge matrix

q � � q1 q2 · · · qNT
�, which contains the charge on each

sphere of a MSM model, is related to the NT × 1 sphere voltage

matrix Φ � �Φ1 Φ2 · · · ΦNT
� through [17] the following:

q � 1

kc
CMΦ (1)

where kc � 1∕�4πϵ0� is the Coulomb constant, and the NT × NT

matrix �1∕kc�CM is the position-dependent capacitance matrix. The

inverse ofCM is the elastancematrix S, which is readily formulated as

S � kc

2
66666664

1
R1

1
r1;2

· · · 1
r1;NT

1
r1;2

1
R2

· · · 1
r2;NT

..

. ..
. . .

. ..
.

1
r1;NT

1
r2;NT

· · · 1
RNT

3
77777775

(2)

where Ri are the individual MSM sphere radii, and ri;j is the relative
distance between spheres i and j. By knowing the potential Φi on

each sphere, Eqs. (1) and (2) allow for the MSM charges qi to be

computed. The computational speed, or analytical complexity of the

charge formulation, is directly dependent on how many MSM

spheres are used. The VMSM approach yields good approximations

with a small number of spheres for very rapid numerical force

evaluations, as well as some analytical insight if only two to three

spheres are used. The SMSM model provides enhanced fidelity

because it can better model nonhomogenous charge distributions if

the objects are very close to each other. However, instead of using two

to three VMSM spheres, the SMSM approach uses tens or hundreds

of spheres. Because the elastance matrix inverse is an N3-order

evaluation, the SMSM modeling is orders of magnitude slower than

the VMSM solution but provides noticeable accuracy improvements

if the craft are separated less than two to three craft radii.
To evaluate the general forces and torques, the Coulomb

interactions are summed up across all the MSM spheres through

F � −kc
XM
k�1

qk
XN
i�1

qi
kri;kk3

ri;k (3)

τ � −kc
XM
k�1

qk
XN
i�1

qi
kri;kk3

rC2;i × ri;k (4)

Here, the Debye shield of the local plasma environment is ignored

because the separation distance considered of 10–25 m is

significantly less than the average minimum GEO Debye length

of 200 m.
Next, the specific scenario is consideredwhere theMSMmodeling

is used for a debris–tug dynamical system, as illustrated in Fig. 1.

Here, the tug is modeled through a single sphere C1 and the

cylindrical debris ismodeled through three spheres:A,B, andC2. The

conducting debris object has the potential ΦD, and the conducting

spherical tug has the potentialΦT . The charge–voltage relationship is

now partitioned as

2
66664
ΦD

ΦD

ΦD

ΦT

3
77775 � kc

2
66666666664

..

.

SD
..
.

SD;T

..

.

· · · · · · · · · · · · · · ·

STD;T
..
.

SR

3
77777777775

2
66666664

qa

qb

qc2

· · ·

qc1

3
77777775

(5)

where the elastance matrix partitions are defined as
Fig. 1 Multisphere illustration of a tumbling cylinder neighboring a
spherical tug.
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SD �

2
6664

1
Ra

1
ra;b

1
ra;c2

1
ra;b

1
Ra

1
rb;c2

1
ra;c2

1
rb;c2

1
Rc2

3
7775 (6a)

SD;T �
h

1
ra;c1

1
rb;c1

1
rc2 ;c1

i
T

(6b)

ST �
h

1
Rc1

i
(6c)

Note that the inverses of SD and ST yield the self-capacitance matrix

of the debris and tug, respectively; whereas the mutual capacitance

between them is the SD;T partition. Using the Schur complement

matrix decomposition [22] to express the elastance matrix inverse

allows Eq. (5) to be solved for the charges using the following:

2
4 qa

qb
qc2

3
5 � 1

kc
�ΓΦD − ΓSD;TS

−1
T ΦT� (7a)

qc1 �
1

kc
�−S−1T STD;CΓΦD � �S−1T � S−1T STD;CΓSD;TS

−1
T �ΦT� (7b)

where

Γ � �SD − SD;TS
−1
T STD;T� (8)

and

ΦD � �ΦD ΦD ΦD �T (9)

The mutual elastance component SD;T accounts for the fact that

two neighboring charged objects will influence each other’s charge–

voltage relationship. However, if the separation distance grows

sufficiently large, this influence becomes negligible. If the MSM is

used for a feedback control development, then the charge evaluations

in Eq. (7) are renderedmuchmore complex if thismutual capacitance

term is included. If SD;T can be assumed to be small, then the charge

equations in Eq. (7) simplify to the two isolated body solutions:

2
4 qa

qb
qc2

3
5 � 1

kc
S−1D ΦD (10a)

qc1 �
1

kc
S−1T ΦT (10b)

For the particular cylinder (debris) and sphere (tug) scenario

illustrated in Fig. 1, the total electrostatic force onto the cylinder is

then given by [17,19]

FE2 � −FE1 � kcjq1j
Xc
i�a

qi
ri3

ri (11)

whereas the force on each of the cylinder MSM spheres is given by

F2;i � kc
jq1jqi
ri3

ri; i � a; b; c (12)

The local-vertical/local-horizontal (LVLH) coordinate frame is

used to describe the relative motion of two spacecraft. The origin of

the LVLH frame is the center of mass of the space tugC1. AxisC1x is
aligned with the local-vertical line, and the C1y axis is aligned

with the local-horizontal line (Fig. 1). We assume that the distance

rb�t� � d�t� between the bodies is varied according to the motion
equations of the debris and the tug.

B. Planar Rotational Equations of Motion

1. Attitude Motion

To describe the motion of the debris relative to its ownmass center
C2, we use the angular momentum theorem:

d

dt
�J�_θ − _α� _f�� � LE � LG (13)

where f is the true anomaly angle of the tug. Here, the electrostatic
torque is

LE � ∂rca
∂θ

⋅ F2a �
∂rcb
∂θ

⋅ F2b; �rca � CA; rcb � CB� (14)

and the gravitational torque is

LG � 3n2

�1−e2�3 �1�ecosf�3�J−J0�sin�θ−α�cos�θ−α� (15)

where Jx � Jy � J0 and J � Jz are the moments of inertia of the
cylindrical debris object.
The electrostatic torque in Eq. (14) is nontrivial due to the

complexity of the determining Coulomb forces in Eq. (11) using the
capacitance relation in Eqs. (5) and (6); to obtain analytical solutions,
the symbolic manipulator Mathematica [23] is used. After some
additional transformations, the electrostatic force is written as

FE1 � �FE1;x; FE1;y� � −
1

H
�aE;x�bE;x cos�α − θ�

� cE;x sin α�; aE;y�bE;x sin�α − θ� � aE;x cos α�� (16)

Here,

H�θ;d�� �−4d2lR1G
2�R2�l2−R2R2;c��4dlR1G−G�R2�2lG�R2;c

�R2�dl− �2d�G��R2;c���G2
−�4dlR1G��2l−R2�R2R2;c

−4d2lR1R2�l2−R2R2;c��G2��2l−R2��2l2�d2−R1R2;c�
�R2�d2l− �4d2� lR1�R2;c����2 (17)

G��θ; d� � �l2 � 2ld sin θ� d2�1∕2 (18)

where d � jr2 − r1j �
����������������
x2 � y2

p
is the separation distance vector

between the objects, θ is the cylinder orientation angle (Fig. 1),Φ1 is
the controlled voltages of the tug, andΦ is the constant voltages of the
debris.
In Eq. (16), an unimportant assumption is used where R2;b �

R2;a � R2 and R2 is the radius of cylinder 2 (debris).

2. Motion of the System Relative to the Inertial Frame

At first, the motion of the space tug and debris is considered in the
Earth-centered inertial frameOXYZ. The origin of theOXYZ frame
is in the center of theEarth. TheOXY plane coincideswith the Earth’s
equatorial plane, theOX axis is alignedwith the equinox, and theOZ
axis extends through the North Pole. The positions of the space tug

and space debris are described by the column vectors r1 � �x1; y1�T
and r2 � �x2; y2�T , respectively. The inertial equations of motion of
the space tug and debris relative to the OXYZ frame are as follows:

mi

d2ri
dt2

� −μ
ri
r3i

� Fi; i � 1; 2 (19)

where the time derivatives are inertial derivatives of the vectors, mi

(i � 1, 2) aremasses of the tug (i � 1) and debris (i � 2) objects, and
Fi �i � 1; 2� are the net forces acting on the space tug (i � 1) and
debris (i � 2):
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F1 � Uxex � �P�Uy�ey � FE1 �N1 (20)

F2 � FE2 �N2 (21)

whereNi is the net vector of other disturbance forces acting on the tug

(i � 1) and the debris (i � 2), which include gravity perturbations of
the sun and the moon, the solar pressure, and perturbations due to a

nonspherical Earth’s gravity. P � const is the nominally constant

station-keeping thrust force of the space tug. This thrustP is assumed

to be aligned with the local-horizontal axis of the space tug.
The Coulomb forces acting between the objects are defined by

Eq. (11):

FE1 � −FE2 � −�F2a � F2b � F2c� (22)

These equations are nontrivial due to the complexity of the

determining Coulomb forces in Eq. (11) through the elastance and

capacitance matrices in Eqs. (5) and (6). To obtain analytical force

solutions, the symbolic manipulatorMathematica [23] is used. Using

Eq. (14), and after performing some additional transformations, the

Coulomb force in Eq. (22) is written as

FE1 � �FE1;x; FE1;y� � −
1

H
�aE;x�bE;x cos�α − θ�

� cE;x sin α�; aE;y�bE;y sin�α − θ� � cE;y cos α�� (23)

where theaE;x,bE;x, cE;x,aE;y,bE;y, and cE;y definitions are defined in
the Appendix and allow for the compact expression in Eq. (23).

Furthermore, the variable α � arctan�−x∕y� is the angle between the
local-horizontal line of the tug and the line connecting the tug and

debris.
The control thrusters of the space tug can produce thrust along the

local-horizontal and local-vertical axes:

U � Uxex �Uyey (24)

The feedback control law of the space tug motion is developed

using Eq. (19). However, because it is necessary to maintain a

predetermined relative motion of two bodies during the active debris

removal,maintaining a balance between the forceP and theCoulomb

interaction force, there is a good reason to use the equations of the

relative motion. This is the subject of the next subsection.

Equation (19) is used to validate the obtained feedback control law.

3. Motion of the System in Euler–Hill Frame

Let us consider the motion of the debris relative to the local-

vertical/local-horizontal or Euler–Hill frame C1xy [24] (Fig. 1) with
the chief (tug) in a circular orbit. This is a good assumption for GEO

debris object tugging. The rectilinear LVLH frame is attached to the

space tug. The position of the debris relative to the space tug is

described by the column vector

d �
�
x
y

�
(25)

The LVLH frame is a noninertial frame, and so the equations of the

debris relative to the space tug contain the terms associated with the

motion of the LVLH frame relative to the Earth. The equation has the

classical form [25]

�x − 2n _y − 3n2x � ax

�y� 2n _x � ay (26)

where n is the orbital rate of the space tug, which is changed under the
action of the tug’s thrust. The change of the orbital rate _n is

approximated as

_n � P

m1 �m2

1

r
(27)

where r is the distance from the Earth center to the center of mass of
the system. The rate of change of n is close to zero due to the small
value of the thrust force P, and so the value of _n is neglected [25].
For example, electric thrusters have thrust output in the micro- to
milli-Newton range. For P � 20 mN and m1 �m2 � 5000 kg,

_n � 20 mN

5000 kg
⋅

1

35; 786 km
≈ 10−13 s−2 (28)

This value is several orders of magnitude smaller than the
magnitude of n2 ≈ 5 ⋅ 10−91∕s2 presented in Eq. (26).
The right side of Eq. (26) includes projections of the acceleration

produced by the main thruster and the control thrusters of the tug and
by the electrostatic force:

a �
�
ax
ay

�
� −FE1

�
m1 �m2

m1m2

�
− �aP � ux � uy� (29)

where aP is the acceleration of the space tug provided by the main
engine thrust P:

ap � P

m1

�
0

1

�
�

�
0

ap

�
(30)

Note that ux and uy are the accelerations created by the control
engines’ thrust Ux and Uy:

ux � Ux∕m1; uy � Uy∕m1 (31)

Next, the relative equations of motion are rewritten using polar
coordinatesα andd that aremore suitable to use during the analysis of
relative motion. Substituting x � d sin α, y � d cos α, and their
derivatives into the relative equations of motion leads to

�α � 2
n − _α

d
_d� 3

2
n2 sin 2α� 1

d
��ap � uy� sin α − ux cos α�

� 1

m	d
�FE1;x cos α − FE1;y sinα� (32)

�d � d�3n2sin2α − 2n _α� _α2� − �uy � ap� cos α − ux sin α

−
1

m	
�FE1;x sin α� FE1;y cos α� (33)

where m	 � m1m2∕�m1 �m2� is the reduced mass of the system.

III. Simplified Nonlinear Model

Reference [26] shows how to steer a tug for sustainable motion of
the system, considering the debris as a simple point-charge model.
However, this did not consider any attitude motion and electrostatic
torques. Now, considering the debris as a solid body, an electrostatic
tug charge feedback control algorithm is found to stabilize the debris
attitude motion relative to the line connecting mass centers between
the tug and the debris. Thevery complicated forms of the formulas for
the electrostatic torque in Eq. (16) and the forces in Eq. (23)make this
a challenging task. The following assumptions are used to simplify
these formulas, and hence the equations of motion described in
Eqs. (13), (32), and (33). So, assume that the length l of the cylinder
body 2 (Fig. 1) is much less than the distance d between the centers of
mass of two bodies:

λ � l

d
≪ 1 (34)

With this assumption, the induced charge effects are considered
negligible, which lead to a significant reduction in the electrostatic
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torque and force evaluation. Thus, the Coulomb torque in Eq. (16)
and the forces in Eq. (23) are simplified to the following expressions:

LE�θ; d� � λ3
3R1

2kcd
2
Φ1

�
R1

3d
Φ1 �Φ2

�
sin 2θ (35)

FE1��FE1;x;FE1;y��−λ
7R1Φ1�R1Φ1−dΦ2�

4kcd
2

�sinα;cosα� (36)

Note that, in these formulas, it is possible to specify a different
degree of expansion in λ if required to account for second- or higher-
order terms. In Eq. (36), the gravity gradient torque in Eq. (15) is
excluded, assuming that, for GEO, this torque is significantly less
than the electrostatic torque in Eq. (14).
Substituting Eqs. (35) and (36) into Eqs. (13), (32), and (33), the

simplified nonlinear equations are written as

J��θ − �α� � λ3
3R1

2kcd
2
Φ1

�
R1

3d
Φ1 �Φ2

�
sin 2θ (37)

�α� 2
n− _α

d
_d�3

2
n2 sin2α� 1

d
��ap�uy�sinα−ux cosα� (38)

�d � d�3n2sin2α − 2n _α� _α2� − �uy � ap� cos α − ux sin α

� λ
7R1Φ1�R1Φ1 − dΦ2�

4kcm	d2
(39)

Equations (38) and (39) are independent of the pitch attitude angle
θ and coincide with equation 18 in Ref. [26]; therefore, in this case,
the control laws using Eqs. (21) and (22) can be used from Ref. [26]:

ux � cα sinα� c _α _α (40)

uy � c _d
_d (41)

The next step is to choose the attitude control law to stabilize the
equation of motion in Eq. (37).

IV. Stability of Charged Closed-Loop Attitude Motion

It is possible to control the attitude motion using only the
magnitude and sign of the electrical charge of the tug. This concept is
explored in the following developments for a range of feedback
control formulations. The general control law of the electrical change
is given as

Φ1 � �Φ1�1� κ _θf�θ�� � �Φ1 < 0� (42)

where f�θ� is the periodic function, and κ is a constant feedback
control parameter. Thus, this control provides the nominal repulsing
potential �Φ1 if the debris is not tumbling, and it adds rate proportional
feedback if the debris is tumbling. However, as discussed for the
puller configuration with debris detumbling in Ref. [27], the rate
damping is only possible for particular relative orientation angles θ.
Prior work only considered sin�2θ�-type rate feedback modulations
[8,27]. In this Note, two types of the function f�θ� are considered:

f�θ� � sin�iθ�; odd functionwith i � 1 ; 2; : : : ;

f�θ� � cos�iθ�; even functionwith i � 0; 1; 2; : : :

to explore more general control solution formulations.

A. Feedback Control with an Odd Control Function

The first type of the odd function f�θ� is represented as

f�θ� � sin�iθ� with i � 1; 2; : : : (43)

Then, the first-order approximation of the electrostatic torque in
Eq. (14) is written as

LE�θ; _θ; d� � Λ1 sin�2θ� � Λ2
_θ sin�2θ� sin�iθ� (44)

Λ1 � λ3
3 �Φ1R1

2kcd
2

�
Φ2�

R1

3d
�Φ1

�
; Λ2 � κλ3

3 �Φ1R1

2kcd
2

�
Φ2�

2R1

3d
�Φ1

�
(45)

Let us assume that the control laws in Eqs. (40) and (41) provide
the realization of a stable position of the equilibrium equations
[Eqs. (38) and (39)]:

α � 0; d � ds (46)

Equation (37) is thus rewritten as

�θ� Ω2 sin�2θ� � ξ_θ sin�2θ� sin�iθ� (47)

with the following simulation parameter definitions:

Ω2 � −
Λ1�d � ds�

J
� −λ3

3 �Φ1R1

2Jkcd
2
s

�
Φ2 �

R1

3ds
�Φ1

�
(48)

ξ � Λ2�d � ds�
J

� κλ3
3 �Φ1R1

2Jkcd
2
s

�
Φ2 �

2R1

3ds
�Φ1

�
(49)

The debris shape to separation distance constraint in Eq. (34) is
rewritten into the following inequality expression:

R1

3d
≪ 1 (50)

Next, the standard assumption is made that

Ω2 > 0 (51)

As can be seen fromEq. (44), this torque becomes zero at the points

θ � �k
π

2
; �k � 0; 1; 2; : : : � (52)

Using the linearized rotational equation in Eq. (47), the points

θs � 0� kπ (53)

correspond to the stable equilibrium position, and the points

θu � π

2
� kπ (54)

correspond to the unstable equilibrium position.
In a small neighborhood of the stable equilibrium position,

θs � 0 (55)

which allows Eq. (47) to be reduced to

�θ� 2Ω2θ � 2nξ_θθ2 (56)

Next, Eq. (56) is rewritten through the use of a dimensionless time
τ � ���

2
p

Ωt to a very simple form:

�θ� θ � εθ 0θ2 (57)

Here, the differentiation notation

�� 0 � d

dτ
��
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is used and the following dimensionless small parameter ε is

introduced:

ε�
���
2

p
nξ

Ω
�−κ

λn

ds

���������������������������������������������������������
−
2λR1Φ10�3dsΦ2�R1Φ10�

Jdskc

s
⋅
3dsΦ2�2R1Φ10

3dsΦ2�R1Φ10

(58)

For ε � 0, Eq. (57) corresponds to an equation of unperturbed
motion:

θ 0 0 � θ � 0 (59)

and an energy integral

E � θ 02

2
� θ2

2
(60)

Using the following initial conditions,

τ � 0: θ � θm; _θ � 0 (61)

this leads to the initial energy expression of the form

E � θ2m
2

(62)

As a result, Eq. (59) has the following general solution:

θ � θm cos t (63)

From Eq. (62) follows an elegantly simple formula for the pitch
attitude angle oscillation amplitude:

θm � �
������
2E

p
(64)

The differentiation of Eq. (60) by Eq. (56) yields

dE

dτ
� �θ 0 0 � θ�θ 0 � ε�θ 0θ�2 (65)

and

djθmj
dτ

� ε
�θ 0θ�2
θm

(66)

The amplitude jθmj in the closed neighborhood of the equilibrium
in Eq. (55) decreases with time if ε < 0. This is satisfied according to
Eq. (58) only when the coefficient

κ > 0 (67)

Thus, the formula in Eq. (66) shows that the control law in Eq. (42)

leads to a decrease in the amplitude of small oscillations of the debris
in the small neighborhood of a stable equilibriumposition in Eq. (55).

On the other hand, it is easy to see that the factor in Eq. (66)

��θ 0θ�2
θm

�
(68)

for the small vicinity of a stable equilibrium position in Eq. (55) has

the third order of smallness. In otherwords, the oscillations amplitude
of the pitch attitude angle in the vicinity of the point in Eq. (55) will

decrease very slowly.

B. Feedback Control with an Even Control Function

Next, an even function f�θ� is considered to be of the form

f�θ� � cos�iθ� with i � 0; 1; 2; : : : (69)

Here, the first-order approximation of the electrostatic torque in
Eq. (14) is written as

LE�_θ; d� � Λ1 sin�2θ� � Λ2
_θ sin�2θ� cos�iθ� (70)

Performing transformations similar to those made previously in
Eqs. (47–57) provides the small neighborhood of the equilibrium
position the equation of the attitude motion in the dimensionless

form:

θ 0 0 � θ � εθ 0θ (71)

For ε � 0, this equation corresponds to the equation of
unperturbed motion in Eq. (59):

θ 0 0 � θ � 0 (72)

The derivative of the energy integral in Eq. (60), taking into
account Eq. (71), yields

dE

dτ
� �θ 0 0 � θ�θ 0 � εθ 02θ (73)

The averaging of Eq. (73) over the period of the unperturbed
solution in Eq. (63) leads to the equation

�Eτ �
�
dE

dτ

�
� ε

2π

Z
2π

0

θ 02θdτ� εθ3m
2π

Z
2π

0

sin2τcosτdτ� 0 (74)

Hence, it is clear that the average energy does not change with
time; therefore, according to Eq. (63), the average oscillations

amplitude remains constant:

j�θmj � const (75)

and detumbling control algorithms with the even function in Eq. (69)

do not yield a stabilizing result.

C. Numerical Simulation of the Odd Control Solution

For numerical simulations, system parameters are chosen as in
Table 1. The stabilizing control law inEq. (43) is considered for i � 2
to relate to prior work in Ref. [27] that also used sin�2θ� to stabilize
the debris attitude in a puller configuration:

Φ1 � �Φ1�1� κ _θ sin 2θ� � �Φ1 < 0� (76)

The differential equation in Eq. (56) is integrated with the
following initial conditions:

θ0 � 0.5; _θ0 � 0

Figures 2 and 3 show the time history (in hours) of the pitch attitude

angle θ (in radians) and the oscillations amplitude �θm (in radians)
for different values of κ � 10 and κ � 100. Figures 4 and 5 show the
corresponding tug electrostatic control potentials. These control

Table 1 Simulation parameters for
the detumble control scenario

Parameter Value

j, km2 50
Φ2 � jΦ1j, kV 20
R1, m 0.5
R2;a � R2;b, m 0.5909
R2;c, m 0.5909
l, m 0.5
i 2
ds, m 1.997

J. GUIDANCE, VOL. 42, NO. 4: ENGINEERING NOTES 905

D
ow

nl
oa

de
d 

by
 U

N
IV

E
R

SI
T

Y
 O

F 
C

O
L

O
R

A
D

O
 o

n 
A

pr
il 

3,
 2

01
9 

| h
ttp

://
ar

c.
ai

aa
.o

rg
 | 

D
O

I:
 1

0.
25

14
/1

.G
00

39
66

 



potentials are still practical to implement because they are similar in

magnitude to naturally occurring potentials for GEO objects during

emergence from the Earth’s shadow.

V. Numerical Simulation

This section showswith numerical simulations how the parameters
of the proposed feedback control affect the stability of the system. In
all cases, the control goal is to reduce the debris tumble rate (i.e.,
_θ → 0) and keep the spacecraft aligned in a leader–follower
configuration (i.e., α � _α � 0). The investigation is performed by
numerical integration of the initial equations of motion in Eqs. (13),
(32), and (33) for the control laws [Eqs. (40), (41), and (76)]:

ux � cα sin α� c _α _α (77)

uy � c _d
_d (78)

Φ1 � �Φ1�1� κ _θ sin 2θ�� �Φ1 < 0� (79)

The differential equations [Eqs. (13), (32), and (33)] are integrated
with the following initial conditions:

θ0 � 0.5 rad; _θ0 �−0.10 rad∕s

α0 � 0.5; _α0 � 0 (80)

d0 � 2 m; _d0 � 0 (81)

The gravitational torque in Eq. (15) for the GEO is neglected in
Eq. (13); it is considered small as compared with the electrostatic
torque inEq. (14).Additional simulation parameters of the system are
given in Table 2.
Figures 6–13 depict the time dependence of the pitch attitude angle

θ, the angle between the local-horizontal line of the tug and the line
connecting the tug and debris α, the distance between the space tug
and the debris d, and the charge of the space tugΦ1 for various tugs’
thrust force P.
The simulation results for the tug’s thrust force of P � 5 mN are

shown in Figs. 6–9. Figures 7 and 8 illustrate that the separation
distance and heading are stabilized and the average indicator is equal
to λ � l∕d ≈ 0.21 for t > 3 h. Note that the simulation with a
stronger thruster force P results in a smaller separation distance
because the same nominal electrostatic repulsor potential is used in
both cases. Thus, the higher thrust results in the debris–tug separation
beingmore compressed. Similar stability properties are also observed
for a larger tug thrust force value of P � 20 mN (Figs. 10–13) and
λ ≈ 0.36 (Fig. 12). Regarding the ability to detumble the debris object
while in a pusher configuration, the initial spin rate is first quickly
reduced, but then the convergence rate slows down as predicted with
the aforementioned linearized analysis. One reason the debris rate
damping control is at first more effective is that the separate distance
is initially not constant but oscillating about a nominal value. This
causes the debris and tug to be periodically closer than the nominal
distance, and thus the electrostatic forces and torques are larger with
the shorter separation distance. As the separation distance settles to a
steady value, the debris rate damping continues but with less
effectiveness because the electrostatic forces and torques are now
reduced in comparison to the initial transient performance. Another
reason for the slowing convergence rate is analytically predicted in
Sec. IV.A, in which the convergence is shown to slow down as the
desired state is approached. The period inwhich the relativemotion is

Fig. 2 Time history of the pitch attitude angle θ (solid) and θm, −θm
(dotted) for Eq. (57) (κ � 10).

Fig. 3 Time history of the pitch attitude angle θ (solid) and θm, −θm
(dotted) for Eq. (57) (κ � 100).

Fig. 4 Time history of the tug electrostatic potential Φ1 � �Φ1�1�
κ_θ sin 2θ� for κ � 10.

Fig. 5 Time history of the tug electrostatic potential Φ1 � �Φ1�1�
κ_θ sin 2θ� for κ � 100.

Table 2 Numerical

simulation parameters

Parameter Value

m1, kg 300
m2, kg 1000
κ 100
cα −0.0001
c_α −0.001
c _d −0.001
P, mN 5; 20
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Fig. 6 Time history of the pitch attitude angle θ for the tug’s thrust force
of P � 5 mN.

Fig. 7 Timehistoryof the angleα for the tug’s thrust force ofP � 5 mN.

Fig. 8 Time history of the distance between the bodies d for the tug’s
thrust force of P � 5 mN.

Fig. 9 Time history of the electrical charge of the tug Φ1 �
�Φ1�1� κ_θ sin 2θ� for the tug’s thrust force of P � 5mN.

Fig. 10 Time history of the pitch attitude angle θ for the tug’s thrust
force of P � 20 mN.

Fig. 11 Time history of the angle α for the tug’s thrust force of
P � 20 mN.

Fig. 13 Time history of the electrical charge of the tug Φ1 �
�Φ1�1� κ_θ sin 2θ� for the tug’s thrust force of P � 20 mN.

Fig. 12 Time history of the distance between the bodies d for the tug’s
thrust force of P � 20 mN.
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still settling to the steady-state location yields a stronger detumble
performance, illustrating a direction of future research to investigate
this coupled behavior further.

VI. Conclusions

This study explores the relative motion and debris spin rate
stability of a pusher electrostatic tug configuration. A simplified
electrostatic force and torque formulation is employed to perform an
analytical stability analysis for small departure motions. Two
detumble control formulations are investigated with odd and even
feedback functions. Although the odd formulation does yield a
stabilizing tumble response that brings the tumble rate to zero, the
even formulation is shown to not change the tumble error energy. In
this analytical analysis, the nominal separation location is held fixed
in an alongtrack configuration. A challenge with the detumble
convergence rate from this control structure is analytically discussed.
The numerical simulations illustrate the predicted relativemotion and
tumble rate stability for a range of tug force configurations,
illustrating the robustness to such control parameter variations.

Appendix: Charged Model Parameter Definitions

The following parameter definitions allow for the compact
formulation in Eq. (23):

aE;x�θ; d� � Φ1dlR1�2l − R2�G−G��2l2 � R2�l − 4R2;c��
�Φ2lR1�2l − R2��lG−G��−2l� 3R2�R2;c

� 2dlG−R2�−l� R2;c� � 2dlG�R2�−l� R2;c��

bE;x�θ;d��Φ12dl�G− −G��R2�dR1G
3
−G��2l−R2�R2;c

�dR1G
2
−G

2��2l−R2�R2;c�dR1G−G
3��2l−R2�R2;c

�d2R1�lG2
−G��−2l�R2�� lG−G

2��−2l�R2�
−2�G3

−�G3���l2−R2R2;c���
�Φ22dl�G− −G��R2�d2�G3

−G��2l−R2��G−G
3��2l−R2�

�2lR1G
2�R2�G2

−�G2��2l−R2��2lR1R2���l−R2;c�
�dlR1G

2
−G��2l−R2�R2;c− lR1G

3
−G��2l−R2�R2;c

�dlR1G−G
2��2l−R2�R2;c− lR1G

2
−G

2��2l−R2�R2;c

− lR1G−G
3��2l−R2�R2;c−2dlR1G

3
−�−l�R2�R2;c

−2dlR1G
3��−l�R2�R2;c�

cE;x�θ;d��Φ1�2d4G3
−G�R1R

2
2�l−2R2;c�

�2d4G−G
3�R1R

2
2�l−2R2;c��2d3G4

−G�R1�2l−R2�R2R2;c

�2dG4
−G

3�R1�2l−R2�R2R2;c�2d3G−G
4�R1�2l−R2�R2R2;c

�2dG3
−G

4�R1�2l−R2�R2R2;c�G4
−G

4�R1�2l−R2��2l�R2�R2;c

−4d4G4
−R1R2�l2−R2R2;c��4d4G4�R1R2�−l2�R2R2;c��

�Φ2�2d4G4
−G��2l−R2�R2�l−R2;c�

�2d4G−G
4��2l−R2�R2�l−R2;c��4d4lG3

−R1R
2
2�l−R2;c�

�4d4lG3�R1R
2
2�l−R2;c��4d3lG4

−R1�l−R2�R2R2;c

�4d3lG4�R1�l−R2�R2R2;c�2lG4
−G

3�R1�2l−R2�R2R2;c

�2lG3
−G

4�R1�2l−R2�R2R2;c

−2d2lG−G��G3
−�G3��R1�2l−R2�R2R2;c

�2d3lG3
−G�R1R

2
2R2;c�2d3lG−G

3�R1R
2
2R2;c

−4dlG3
−G

3�R1R
2
2R2;c�4dlG4

−G
2�R1R2�−l�R2�R2;c

�4dlG2
−G

4�R1R2�−l�R2�R2;c−dG4
−G

4��2l−R2��−2l�3R2�R2;c

�4d4lG2
−G�R1R

2
2�−l�R2;c��4d4lG−G

2�R1R
2
2�−l�R2;c��

aE;y�θ; d� � −Φ1dlR1�2l − R2�G−G��2l2 � R2�l − 4R2;c��
�Φ2lR1�2l − R2��−lG−G��−2l� 3R2�R2;c

� 2dlG�R2�l − R2;c� − 2dlG−R2�−l� R2;c��

bE;y � Φ12dl�G− −G��R2�dG3
−G�R1�2l − R2�R2;c

� dG2
−G

2�R1�2l − R2�R2;c � dG−G
3�R1�2l − R2�R2;c

� d2R1�lG2
−G��−2l� R2� � lG−G

2��−2l� R2�
− 2�G3

− �G3���l2 − R2R2;c���
�Φ22dl�G− − G��R2�d2�G3

−G��2l − R2�
�G−G

3��2l − R2� � 2lG2�R1R2 �G2
−�G2��2l − R2�

� 2lR1R2���l − R2;c� � dlG2
−G�R1�2l − R2�R2;c

− lG3
−G�R1�2l − R2�R2;c � dlG−G

2�R1�2l − R2�R2;c

− lG2
−G

2�R1�2l − R2�R2;c − lG−G
3�R1�2l − R2�R2;c

− 2dlG3
−R1�−l� R2�R2;c − 2dlG3�R1�−l� R2�R2;c�
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