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3agaua 1. Omnpenenu ru cute peasHu OPOEBH (v TAKBU IIITO, 332 CEKOj TO3UTHBEH 11e Opoj 1, ETUOoT Opoj
L) + [20] + -+ [na]

e nenuB co n. (Co | z] e obenexxan HAJroIEeMHUOT 11e1 6POj MOMAJ WK eHAKOB Ha 2. Ha npumep | —7| = —4,
al2] =129]=2)

3agaua 2. Omnpe/enu ru cute naposu (a, b) ofl MO3UTUBHU 1T OPOEBH 3a KOH IOCTOjaT MO3UTHBHU LN
OpoeBu g u N TakBH LITO
ged(a" 40, 0" +a) =g

BaXH 3a cekoj uen 6poj n > N. (Co ged(z,y) e 03HAYEH HAJTONCMHOT 3aeTHUYKHU ACIUTEN HA IEIUTEe
OpoeBu T 1 ¥.)

3agaua 3. Hexka a1, a0, a3,... € OeckoHEeYHa HHM3a OJ ITO3UTHUBHU IIeJIM OpoeBU U Heka /N € MO3UTHUBEH
) ) )

en O6poj. 3Haeme jeka, 3a cekoj n > N, a, € emHakoB Ha OpOjOT Ha IOjaByBama Ha @, 1 BO HHU3aTa

a1, a2, .. .,0p—1.

Jlokaku eka Oapem eIHa Off HU3HUTE a1, a3, a5, . . . U dg, 44, Gg, - . . © ONHEKaAe nepuoandHa. (beckoneuna

HU3a by, by, b3, . .. C€ HAPEKyBa 0OHeKade nepuoouyHa ako MoCcTojar MO3UTUBHHM 1esd OpoeBH p U M TakBH
WTO byt = by, 33 cekOj m = M)

Language: Macedonian Bpeme 3a paboma: 4 uaca u 30 munymu.
3a cexoja mouno pewena 3a0aua ce dobusaam 7 NOeHU.
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3anauya4. Hexa ABC etpuaronnuk Bokoj AB < AC' < BC'. Heka Bnuinanara Kpy>KHUIIA Ha TPUATOJTHHU-
kot ABC' e w, a nej3unnor nenrap € /. Heka X e Toukara Ha mpaBara BC' pasnuuna ox C' TakBa ITO
npaBara Hu3 X mapanenHa Ha AC' e Tanrenra Ha w. CiauyHO, HeKa Y € Toukara Ha mpaBara BC pa3nudHa
oxn B TaxBa mro npaBata Hu3 Y mapanenna Ha AB e tanrenTta Ha w. Heka A/ ja cede onumianara Kpy»XKHHAA
oxony tpuarosHukoT ABC' no Brop mat Bo P # A. Heka K u L ce cpenunute Ha orceukure AC u AB,
COOJIBETHO.

Hoxaxu neka ZKIL + ZY PX = 180°.

3agaua 5. IlomxkaBot TypOo ja urpa cneanara urpa Ha Tabmna co 2024 penosu u 2023 xononu. Ha tabnara
¥Ma yyIoBHIITa CKprueH! Bo 2022 o nonumara. Ha nouerokot TypOo He 3Hae BO KO MOJIME-a UMA YyAOBHUIII-
Ta, HO 3Hae JeKa MMa 10 TOYHO €THO YYJOBHUIITE BO CEKOj PEI OCBEH MPBHOT U MOCIEIHUOT, U JeKa CEKoja
KOJIOHA COJPKU HaJMHOT'Y €/1HO UyJOBHIITE.

TypOo mpaBu cepuja og oOMIU Ja CTUTHE O] MPBUOT JO MOCIEAHHOT pea. Bo cexoj obuma, Toj ogdupa
Jla TIOYHE O] MTPOU3BOJIHO I0JIE BO TPBUOT pell, Ma MOCIEI0BATEIIHO CE TPUABIIKYBa BO COCEITHO ITOJIEC Ha
MOMEHTAJTHOTO, KO¢ UMa 3aenHuuka crpana. (Toj cMee a ce BpaTH Ha TOJIe KOe BeKe ro MoceTi.) AKo
CTaIlHe Ha TOJIe CO YyJOBMIITE, OOMIOT 3aBPIIYBA U TOj € TPAHCHOPTUPAH BO MPBHOT PEl, 3a CICTHHOT
obuz. YynoBuinrara He ce IBUKart, a TypOo mamMTu BO KO O] TOJTUHATa IITO T TIOMUHA UMa YyJTOBHUIITE
Y BO KOM HEMa. AKO CTHTHE JI0 TI0JIe BO TIOCTICTHUOT pell OOMIOT 3aBpyBa, Kako M UTpara.

Ompenenu To HajMaIMOT Opoj Ha oOuM 7 3a Ko TypOo MMa cTparervja Koja rapaHTUpa Jieka K€ CTUTHE BO
MOCIIETHUOT PeJl TI0 — THOA OOW WIIM IOPAHO, HE3aBUCHO O] MOCTABEHOCTA HA YY/IOBHINTATA.

3agaya 6. Hexka (Q e MHOXECTBOTO 071 panioHamHu OpoeBu. 3a ¢yHkmmjara f: Q — (Q Benmme neka e
bamcka aKko TO UCTIONHYBA CIIEAHOTO CBOJCTBIL: 3a ceKou &,y € Q,

fe+fy)=rf@)+y wmwm  f(f(z)+y) =z+ f(y).

Jlokaku JieKa IOCTOM 11e1 OpOoj ¢ TaKOB IITO 3a cekoja Oarcka GyHKIHMja f MOCTOjaT HAJMHOTY ¢ Pa3TUIHU
paroHa Hu 6poeBu Mery 6poesute f(r) + f(—r) noGHeHH 3a cexoj panMoHaNeH 6poj ', a MOTOa HajIH ja
HajMajiaTa MOKHa BPEIHOCT 3a C.

Language: Macedonian Bpeme 3a paboma: 4 uaca u 30 munymu.
3a cexoja mouno pewena 3a0aua ce dobusaam 7 NOeHU.
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Problem 1. Determine all real numbers « such that, for every positive integer n, the integer
la) + [2a] +--- + |na]

is a multiple of n. (Note that |z]| denotes the greatest integer less than or equal to z. For example,
|—7| =—4 and |2| =[2.9] =2.)

Problem 2. Determine all pairs (a, b) of positive integers for which there exist positive integers g
and N such that

ged(a” +0, 0" +a) =g
holds for all integers n > N. (Note that ged(z,y) denotes the greatest common divisor of integers
and y.)

Problem 3. Let aq,as,as,... be an infinite sequence of positive integers, and let N be a positive
integer. Suppose that, for each n > N, a, is equal to the number of times a,,_; appears in the list
a1, a2, ...,0n1-

Prove that at least one of the sequences aq,as, as, ... and as, a4, ag, . . . is eventually periodic.

(An infinite sequence by, bo, bs, . .. is eventually periodic if there exist positive integers p and M such
that by,1, = by, for all m > M.)

Language: English Time: 4 hours and 30 minutes.
FEach problem is worth 7 points.
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Problem 4. Let ABC be a triangle with AB < AC < BC'. Let the incentre and incircle of triangle
ABC be I and w, respectively. Let X be the point on line BC' different from C' such that the line
through X parallel to AC is tangent to w. Similarly, let Y be the point on line BC' different from
B such that the line through Y parallel to AB is tangent to w. Let Al intersect the circumcircle of
triangle ABC again at P # A. Let K and L be the midpoints of AC' and AB, respectively.

Prove that ZKIL + /Y PX = 180°.

Problem 5. Turbo the snail plays a game on a board with 2024 rows and 2023 columns. There
are hidden monsters in 2022 of the cells. Initially, Turbo does not know where any of the monsters
are, but he knows that there is exactly one monster in each row except the first row and the last
row, and that each column contains at most one monster.

Turbo makes a series of attempts to go from the first row to the last row. On each attempt, he chooses
to start on any cell in the first row, then repeatedly moves to an adjacent cell sharing a common
side. (He is allowed to return to a previously visited cell.) If he reaches a cell with a monster, his
attempt ends and he is transported back to the first row to start a new attempt. The monsters do
not move, and Turbo remembers whether or not each cell he has visited contains a monster. If he
reaches any cell in the last row, his attempt ends and the game is over.

Determine the minimum value of n for which Turbo has a strategy that guarantees reaching the last
row on the n'® attempt or earlier, regardless of the locations of the monsters.

Problem 6. Let Q be the set of rational numbers. A function f: Q — Q is called aquaesulian if
the following property holds: for every x,y € Q,

flea+fy)=f@)+y or  f(flx)+y) =z+ f(y).

Show that there exists an integer ¢ such that for any aquaesulian function f there are at most
¢ different rational numbers of the form f(r) + f(—r) for some rational number r, and find the
smallest possible value of c.

Language: English Time: 4 hours and 30 minutes.
FEach problem is worth 7 points.



