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Abstract
Let G = (V, E) be a simple and finite graph with vertex set V(G), and
let £ > 1 be an integer. A signed double Roman k-dominating function
(SDREDF) on a graph G is a function f : V(G) — {—1,1,2,3} such
that (i) every vertex v with f(v) = —1 is adjacent to at least two vertices
assigned with 2 or to at least one vertex w with f(w) = 3, (ii) every vertex
v with f(v) = 1 is adjacent to at least one vertex w with f(w) > 2 and
(ili) >°,enp /() = k holds for any vertex v. The weight of an SDREDF
fi8 32 ev(@) f(u), and the minimum weight of an SDREDF is the signed

double Roman k-domination number 7%,,(G) of G. In this paper, we
initiate the study of the signed double Roman k-domination number in
graphs and we present lower and upper bounds for 7*,-(7). In addition
we determine this parameter for some classes of graphs.
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1 Introduction

Throughout this paper, G denotes a simple graph, with vertex set V = V(G) and
edge set £ = E(G). The order |V| of G is denoted by n = n(G). Denote by K,
the complete graph and by C, the cycle of order n. For every vertex v € V, the
open neighborhood of v is the set N(v) = {u € V(G) | wv € E(G)} and the closed
neighborhood of v is the set N[v] = N(v) U {v}. The degree of a vertex v € V' is
d(v) = |N(v)|. The minimum degree and the mazimum degree of a graph G are
denoted by § = §(G) and A = A(G), respectively. If every vertex of G has degree
r, then G is said to be r-regular. The open neighborhood of a set S C V is the set
N(S) = UyesN(v), and the closed neighborhood of S is the set N[S] = N(S) U S.
The distance dg(u,v) between two vertices u and v in a connected graph G is the
length of a shortest u—v path in G. The diameter of a graph G, denoted by diam(G),
is the greatest distance between two vertices of G. The complement of a graph G
is denoted by G. A leaf of G is a vertex with degree one and a support vertex is
a vertex adjacent to a leaf. A tree T is a double star if it contains exactly two
vertices that are not leaves. A double star with respectively p and ¢ leaves attached
at each support vertex is denoted by DS, ,. A bipartite graph is one whose vertex
set can be partitioned into two subsets X and Y, so that each edge has one end in
X and one end in Y; such a partition (X,Y) is called a bipartition of the graph. A
complete bipartite graph is a simple bipartite graph with bipartition (X,Y) in which
each vertex of X is joined to each vertex of Y7; if | X| = m and |Y| = n, such a graph
is denoted by K, .

A set S C V in a graph G is a dominating set if every vertex of GG is either in
S or adjacent to a vertex of S. The domination number «(G) equals the minimum
cardinality of a dominating set in GG. For a comprehensive treatment of domination
in graphs, see the monographs by Haynes, Hedetniemi, and Slater [9, 10].

For a subset S C V(G) of vertices of a graph G and a function f : V(G) — R, we
define f(S) = >, g f(x). For a vertex v, we denoted f(N[v]) by f[v] for notional
convenience.

A double Roman dominating function(DRDF) is a function f:V(G) — {0, 1,2, 3}
having the property that if f(v) = 0, then vertex v must have at least two neighbors
assigned 2 under f or one neighbor with f(w) = 3, and if f(v) = 1, then vertex v
must have at least one neighbor with f(w) > 2. The weight of a double Roman dom-
inating function f is w(f) = >_,cy () f(v). The double Roman dominating number
of G is the minimum weight of a double Roman dominating function on G. The
double Roman domination was introduced by Beeler et al. [7] and has been studied
by several authors [1, 2, 4, 6, 16, 17, 21].

A signed Roman k-dominating function (SRKkDF) on a graph G is a function
f+V = {-1,1,2} satisfying the conditions that (i) >,y f(z) = k for each
vertex v € V, and (ii) every vertex u for which f(u) = —1 is adjacent to at least
one vertex v for which f(v) = 2. The weight of an SRKDF is the sum of its function
values over all vertices. The signed Roman k-domination number of G, denoted
vk (@), is the minimum weight of an SRKDF in G. The signed Roman k-domination
number was introduced by Henning and Volkman in [11] and has been studied in
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[12, 13, 18, 19, 20]. The special case k = 1 was introduced and investigated in [5]
and has been studied in [14, 15].

In this paper, we continue the study of the double Roman dominating functions
on graphs. Inspired by the previous research on the signed Roman k-dominating
function [11, 12], we define the signed double Roman k-dominating function as fol-
lows.

Let k > 1 be an integer. A function [ : V(G) — {—1,1,2,3} is a signed double
Roman k-dominating function (SDRKDF) on a graph G if the following conditions
are fulfilled:

(1) 2penpy f(v) = K for every vertex v € V/(G);

(ii) if f(v) = —1, then vertex v must have at least two neighbors with label 2 or
one neighbor with label 3;

(iii) if f(v) = 1, then vertex v must have at least one neighbor with f(w) > 2.

The weight of an SDRkKDF is the sum of its function values over all vertices. The
signed double Roman k-domination number of G, denoted +*,,(G), is the minimum
weight of an SDRKDF in G. A signed double Roman k-dominating function of G
of weight v*,-(G) is called a ¥, (GQ)-function or *,p-function of G. The special
case k = 1 has been studied by Ahangar et al. [3]. If f is a signed double Roman
k-dominating function of G and v € V(G), then by definition we must have k <
> venty S (V) £ D ienpy 3 = 3(deg(v) + 1) yielding deg(v) > k£/3 — 1 and so §(G) >
k/3—1. As the assumption 6(G) > k/3—1 is necessary, we always assume that when
we discuss 7%, (@), all graphs involved satisfy 6(G) > k/3 —1 and thus n(G) > k/3.

An SDRKDF f can be represented by the ordered quadruple (V_q, Vi, Vs, Vi) of
V(G) where V; = {v € V(G) | f(v) =i} for i € {—1,1,2,3}. In this paper we
initiate the study of signed double Roman k-domination numbers in graphs and
investigate their basic properties. In particular, we establish some sharp bounds on
signed double Roman k-domination. In addition, we determine the signed double
Roman k-domination number of some classes of graphs.

We make use of the following results in this paper.

Observation 1.1. If f = (V_1,V}, V5, V3) is an SDREDF on a graph G of order n,
then

(a) [Voi| + [Va] + [Va| + V3| = n.

(b) w(f) = [Vi| +2|Va| + 3[V3| — [V_4].

Observation 1.2. If k > 1 is an integer and G is a graph of order n with §(G) >
L%J, then 7%, (G) < 2n.

Proof. Clearly, the function f : V(G) — {—1,1,2,3} defined by f(z) = 2 for = €
V(@) is an SDRKDF on G of weight 2n and thus %,,(G) < 2n. O

Let k > 2 and n > LgJ be integers and let V' be a set of size n. Define f*:V —
{—1,1,2,3} as follows. If n+k = 0 (mod 3), then let f¥ assign 2 to “t* elements of
V and —1 to the remaining elements, if n + k& = 1 (mod 3), then let f* assign 3 to
one element of V', 2 to %’“’4 elements of V' and —1 to the remaining elements, and
if n+k =2 (mod 3), then let f* assign 3 to two elements of V, 2 to %’“’8 elements
of V and —1 to the remaining elements.
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Observation 1.3. Let £ > 2 and n > ng be integers. If n + k > 6, then
ko(Ky) = k.
’yst n

Proof. For any vertex v € V(K,), we have v*,-(G) = f[v] > k. Now we show that
Vi R(K,) < k. If k is an even number and n = k/2, then the result follows from
Observation 1.2. If k is an odd number or n > ng + 1, then it is easy to verify that
the function f* defined above, is an SDRKDF on K, of weight k, and so v%,(G) < k.
Thus v*,(G) = k. O

2 Basic properties and bounds

In this section we present basic properties of the signed double Roman k-dominating
function.

Proposition 2.1. Let f = (V_q, V1, V5, V3) be an SDREDF on a graph G of order n.
If 6 > k—1, then
(i) (BA+3— B)|Vs| + (2D +2 = K)|Val + (A+ 1= k)V| > (6 + ks + DIV,
(i) (BA+ 0 +4)|Vs| + (2A 406+ 3)|Va| + (A +0+2)[Vi| > (0 + k + 1)n.
(117) (A+5+2)w(f) > (0 —A+2k)n+ (0 — A)|Va| 4+ 2(0 — A)|V3].
(v) w(f) > (6 —3A 42k —2)n/(BA + 0 +4) + |Va| + 2|V3].

Proof. (i) It follows from Observation 1.1(a) that

(Vo] + VAl + Vol + |[V5]) = &

IN

> fll

veV(Q)

Y (@) +1)f(v)

veV(Q)

= D 3(dw) + 1)+ Y 2(dw) +1) + Y (d(v) +1)

veEV3 vEVR veW]

= > (dv)+1)

veV_1

< 3(A+1D)| V5] +2(A+1)| Vo +(A+1)| V1] — (04+1)|V_4].

The inequality chain leads to the desired bound in (i).

(ii) By Observation 1.1(a), we have |V_;| = n— |Vi| —|Va| — |V5]. By this identity
and Part (i) of Proposition 2.1, we reach (ii).

(iii) According to Observation 1.1 and Part (ii) of Proposition 2.1, we obtain Part
(iii) of Proposition 2.1 as follows.

(A4+0+2)w(f)

(A+6+2)(2[Vi] + 3|Va| + 4[V3] — n)

> 2(0+k+1)n—2(3A + 35+ 4)|V3| — 2(2A + § + 3)| V4
+H(A+ 5+ 2)(3|Va| + 4|V3] —n)

= (6= A+2k)n+ (6 — A) Vo] +2(6 — A)|Vs].
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(iv) The inequality chain in the proof of Part (i) and Observation 1.1(a) show
that

kn 3(A + 1)|Vs] 4+ 2(A + D)[Va| + (A + 1)|VA] — (0 + 1)|V_4]
3(A+1)|[ViUVaU V| — (64 1)|V4|
A+ 1D)VIUVLUV3 = (0+1)(n— |V1UVLUV;|)

(BA+5+4)|VIUVRUVs| — (6 + 1)n

VANVAN

and so

n(d+k+1)

> .
ViUVaUVs| = 55— )

Using this equality and Observation 1.1, we obtain
w(f) = 20V1UVeU V3| —n+ V3| + 2|V

o n(6-3A+2k-2)
- 3A+6+4

+ [Va| + 2| V3.

This is the bound in Part (iv), and the proof is complete. O
Proposition 2.2. Let r be a non-negative integer with r > (%} If G is an r-
reqular graph of order n, then

kn
r+1

’deR(G) 2
The equality holds for the complete graph K, when n+k > 6.

Proof. Let f = (V_1,Vi, Vo, V3) be a 4%, (G)-function. We have

r+ D@ =(r+1) Y flo)= ) r+Dfw)= Y fl]=>kn
)

veV (G veV(Q) veV(G)

and this leads to the desired bound. By Observation 1.3, the equality holds for the
complete graph K, if n+k > 6. 0

Corollary 2.1. If G is a graph of order n, minimum degree 6 > k—1 and mazimum
degree A, then

—3A2% +3A0 + 4kA — 3A + 36 + 4k

ver(G) > ( B1GA o) )n.

Proof. 1f § < A, multiplying both sides of the inequality in Proposition 2.1 (iv) by
A — ¢ and adding the resulting inequality to the inequality in Proposition 2.1 (iii),
we obtain the desired lower bound.

If 6§ = A = r, the desired inequality can be simplified to v*,,(G) > T’i—”l It
obviously holds according to Proposition 2.2. O
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Proposition 2.3. If G is a graph of order n with 6(G) > LT:SJ then
VER(G) > AG) +k+1—n.

Proof. Let u € V(G) be a vertex of maximum degree, and let f be av%,,(G)-function.
By the definitions we have

Var(@) =T+ > fl@)2k—(n—AG)—1)=A(G)+k+1—n,

z€V(G)—NJu]
and the proof is complete. O

A set S C V(G) is a 2-packing of the graph G if N[u] N N[v] = 0 for any two
distinct vertices u,v € S. The 2-packing number p(G) of G is defined by

p(G) = max{|S| : S is a 2-packing of G}.
Clearly, for all graphs G, p(G) < ~(G).

Proposition 2.4. If G is a graph of order n with §(G) > [%52], then
Year(G) 2 p(G)(6(G) + k + 1) — n.
Proof. Let {v1,vs,...,v,c)} be a 2-packing of G, and let f be a 7%, (G)-function.
p(G)
Suppose A = UP(G Nlv;]. We have |[A| = > (d(v;) +1) > p(G)(6(G) + 1) and hence

i=1

p(G)
Yar(G) = Zf[“z‘]+ Z f(z

zeV(G)—A

v

kp(G)+ Y f@) = kp(G) —n+ |A]
zeV(G)—A

kp(G) —n+p(G)(0(G) +1) = p(G)(0(G) + k+1) —

v

O

Corollary 2.2. If G is a graph of order n with §(G) > |%:1] and p(G) = ~(G),
then
Year(G) = (0(G) + k + 1)4(G) — n.

If G is the graph obtained from a graph H by adding a pendant edge at each vertex
of H, then clearly v¥,n(G) = 3n(G)/2 and hence the bound in Corollary 2.2 is sharp.

Since for any connected graph G, we have p(G) > 1+ Ldm%(G)J
is an immediate consequence of Proposition 2.4.

, the next result

Corollary 2.3. If G is a graph of order n with 6(G) > L%J, then

diam(G)

Vf:dR(G) > (1 + L 3

NOG) +k+1) —
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Next we present a so-called Nordhous-Gaddum type inequality for the signed
double Roman k-domination number of regular graphs.

Theorem 2.1. If G is an r-regular graph of order n such that r > (%1 and
n—r—1>[52], then

4kn
n+1

VEdR(G) + Vde(a) >

If n is even, then vX,p(G) + v%,p(G) > 4]{7(3;1).

Proof. Since G is an r-regular, the complement G is (n — 7 — 1)-regular. By Propo-
sition 2.2

1 1 )
r+1+n—r'

Vrr(G) +vER(G) > lm(

By assumptions [%52] <7 < n — 1 — [%2] and since the function g(z) = 1/(z +

1)+ 1/(n —z) takes its minimum at z = (n —1)/2 when [£3] <z <n—1-[53],
we obtain

2 2 4kn

n—|—1+n—|—1)_n—|—1’

Vor(G) +7ER(G) > k:n(

and this is the desired bound. If n is even, then the function g takes its minimum
at r=x = (n—2)/2orr=1x=mn/2, since r is an integer. This implies that

1 1 2\ 4dk(n+1)

r+1+n—r)2kn(ﬁ+n+2) n 4+ 2

Yeir(G) + Ver(G) = lm(

’

and the proof is complete. O

Next we establish bounds on the signed double Roman k-domination number in
terms of order and domination number.

Proposition 2.5. Let G be a connected graph of order n. If G has av%,,(G)-function
f= V.1, Vi, Vo, Va) with V_y =0, then v*,5(G) > n +v(G).

Proof. Let f = (V_1,V1, Vs, V3) be a 7%, ,(G)-function such that V_; = (. Since each
vertex in Vi must be adjacent to a vertex in V5 U V3, we deduce that Vo, U V3 is a
dominating set of G. It follows from Observation 1.1 that

Year(G) = w(f) = Vi +2[Va| + 3[V3| > [Vi| + 2[Va| + 2|V3| > n +4(G).
]
Proposition 2.6. Let G be a graph of order n with 6(G) > 1. If k € {2,3}, then
YER(G) < n+7(G).

Furthermore, this bound is sharp.
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Proof. Let S be a v(G)-set and define f : V(G) — {-1,1,2,3} by f(z) = 2 for
z € S and f(x) =1for x € V(G) — S. Clearly, f is an SDREDF on G of weight
n+v(Q) for k € {2,3} and this implies that v¥,,(G) < n + ~v(G) for k € {2,3}.

To prove the sharpness, let G, = mK; and let G3 be the graph obtained from a
graph H by adding a pendant edge at each vertex of H. Clearly, for any v*,,(Gy)-
function f = (V_1, V4, Vo, V3) we have V_; = (). Tt follows from Proposition 2.5 that
Vear(Gr) = n(Gy) +~(Gy) yielding 15,(Gr) = n(Gy) +7(Gy). O

The proof of next result is similar to the proof of Proposition 2.6 and therefore
it is omitted.

Proposition 2.7. For any graph G of order n with 6(G) > 1,
Yoar(G) <1+ 29(G).

The bound is sharp for the graph obtained from a graph H by adding at least two
pendant edges at each vertex of H.

3 Signed double Roman 2-domination

In this section, we present bounds on the signed double Roman 2-domination of G.
For convenience, we introduce some notation. For an SDR2DF f = (V_, Vj, V5, V3)
of Gy, welet V! ={v eV | Nw)ynVsy # 0} and V", = V1 — V' . For a subset
S CV, we let dg(v) denote the number of vertices in S that are adjacent to v. In
particular, dy(v) = d(v). For disjoint subsets U and W of vertices, we let [U, W]
denote the set of edges between U and W. For notational convenience, we let Vi5 =
ViuVy, Vig = ViU Vs, Vigs = ViU VLU Vs and let [Vig| = nag, [Vis| = nag, [Vizs| = naas,
and let |Vi| = nq, |Va| = ng and |V3| = ng. Then, nja3 = ny + ny + n3. Further,
we let |[V_1| = n_q, and so n_1 = n — nyo3. Let Gia3 = G[Via3] be the subgraph
induced by the set Vips and let Gig3 have size myg3. For ¢« = 1,2,3, if V; # (), let
G; = G[V;] be the subgraph induced by the set V; and let G; have size m;. Hence,
Mgz = my +ma +mg + |[V1, V]| + [[Vi, V3]| + |[Va, V3]

For t > 1, let L; be the graph obtained from a graph H of order ¢ by adding
3dy(v) + 1 pendant edges to each vertex v of H. Let H = {L; |t > 1}.

Theorem 3.1. Let G be a graph of order n and size m without isolated vertex. Then

on — 6m
Hanl@) >
with equality if and only if G € H.

Proof. Let f = (V_1,V1, Vs, V3) be a 72,5(G)-function. If V_; = @, then v2,5(G) >
n > @ since G has no isolated vertex. Hence V_; # (). We consider the following
cases.

Case 1. V3 # 0.

Now, we consider the following subcases.
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Subcase 1.1. V, # (.
By the definition of an SDR2DF, each vertex in V_; is adjacent to at least one vertex
in V3 or to at least two vertices in V5, and so

[Vor, Vags]| > [[Voy, Va] |+ Vo, Vol | > IV [+ 2[VE | > ny.
Furthermore we have

2n 1 < 2V, Vll + IV, Vall =23 de (o) + 3 v (o),

vEV3 veVL

For each vertex v € Vs, we have that f(v) + 3dy,(v) + 2dy, (v) + dy, (v) — dy_, (v) =
flv] > 2, and so dy_, (v) < 3dy,(v) + 2dy, (v) + dy, (v) + 1. Similarly, for each vertex
v € Vi, we have that dy_, (v) < 3dy,(v) + 2dy, (v) + dy, (v). Now, we have

201 <2 dy,(v)+ Y dv,(v)

<2 " (3dy, (v) + 2, () + d; (V) + 1) + > (B, (v) + 2d, (v) + dy, (v))

= (12mg3 + 4|[Va, V3]| + 2| [V1, V3| + 2n3) + (3|[Va, V3]| + dma + [[V1, V2] )
= 12mg + 4mg + T|[Va, Va]| + 2[[Vi, V5] + [[W1, Val| + 2n3
= 12my23 — 12my — 8mg — 5[V, V3]| — 10|[V4, V3]| — 11[[V4, V]| + 2ns,

which implies that
1
Mi23 2> 5(2”71 + 12my + 8ma + 5[[Va, V3]| + 10[[V4, V3]| + 11{[V, Vo]| — 2ng).

Hence,

m > magz + |[Voq, Vigs]| +m
> mags + [[V_1, Vias]|
> %(in + 12my + 8my + 5|[Va, Va]| + 10][V4, V3]|
+ 11| [V1, Vo]| = 2n3) +n_y
= %(14711 — 2N123 + 201 + 2n9
+ 12my + 8ma + 5[[Va, Vs]| + 10[[V3, V3] | + 11[[V3, Vo] )
= %(1471 — 161193 + 21y + 2n9

+ 12my + 8my + 5[[Va, V3] | + 10[[V1, V3] | + 11[[V1, V2] )

and so

1
N3 > E(—12m+14n+2n1+2n2+12m1—|—8m2+5|[Vg,V3]|+10|[V1,V3]|+11|[V1,V2H).
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Now, we have

Veur(G) = 3ns + 2ny + 1y —n_y
=4dn3 4+ 3n,+2n1 — n
= 471123 — 1N — Ny — 2711
5|V Vall + 10] VA, Vall + 111V, Vall) — 1 — g — 2,

»-lle

1 1

= Z( 12m + 14n — 4n) + Z(in + 2n9 + 12my + 8myy
+5][Va, V3]l + 10[[Va, Vall + 11{[VA, Va]| — 475 — 8ny)
5 — 6 1

_onmom 5 n + Z(—6n1 — 2n9 + 12my + 8my

+ 5[ [V, V3]| + 10[[V1, V3] | + 11[ [V, V2]|).

91

Let © = —6n1 — 2ng + 12my + 8mgy + 5|[Vz, Va]| + 10|[V4, V3]| + 11][V4, Va]|. We show

that © > 0. If n; =0, then © = —2ny + 8my + 5|[Va, V3]|. If v € V5 and dy,, (v)

But then f[v] < 1, a contradiction. Hence if v € V5, then we have that dy,,(v) >
Then

@ = —2712 + 8m2 + 5|[‘/2, VE),”

=4 dy,(v) + 4 dyy(v) + (|[Va, V]| — 2ny)
veVr vEVa

=4 dyy, (v) + (|[Va, V3| — 2n)
veVr

> 4ny — 2ny + |[Va, V3|

> 0.

=0,
then since G has no isolated vertex, we have that every neighbor of v belongs to V_

1-
1.

If ny > 1, then © = —6n; — 2ny + 12my + 8my + 5|[Va, Va]| + 10|[V4, V3]| + 11][V4, V3]|-

By the definition of an SDR2DF of G we have dy,,,(v) > 1 for each v € V;. Then

© = —6ny — 2ny + 12my + 8my + 5|[Va, V3] | + 10][V4, V3] + 11[[V4, V2|

= 6ZdV1(U) +6Zd‘/2(v) +6Zdv3(v) +4Z dVl(U) +4Zd‘/2(v)

veW] veW, veW, veEVL vEVR
+4Zd\/3 (=6n1 — 2ny + [[Va, V3][ + 4[[V1, V3] | + [[V4, V2]|)
vEVR
= 6Zd\/123(1}) +4 ZdV123(v) + (—6%1 —2ny + |[‘/2a V‘SH + 4|[‘/1a V‘SH + |[‘/1’ VYQ]
veVy veEVs

> 6ng +4ng — 6Ny — 2ny + ‘[‘/27‘/3” _'_4”‘/17‘/;3” + H‘/l?vé”
= 2ny + [[Va, V3]| + 3|[V1, V3|
> 0.

)
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Therefore y2,5(G) > 22580

2
Subcase 1.2. V5, = (.

By the definition of an SDR2DF, each vertex in V_; is adjacent to one vertex in V3,
and so

(Vi Vas]l 2 [[Vor, Vil 2 (Vo] = ne. (1)

Furthermore, we have

na S IV Vall = Y dve, o),

vEV3

For each vertex v € V3, we have that f(v) 4 3dy, (v) + dy, (v) — dy_, (v) = f[v] > 2,
and so dy ,(v) < 3dy,(v) + dy, (v) + 1. Now, we have

n <Y dy,(v) 2)

veEV3

< 37 By (0) + dys (0) + 1)

veEV3
= 6mg + |[V1, V5]| + ns
= 6my3 — 6my — 5|[V4, V5| + na,

which implies that

1
myg > 6(”—1 + 6my 4 5[[Vi, Vo]| — n3).

Hence,
m > maz + |[Vo1, Vig]| +m_y
> mag + |[V_1, Vag]|
> < (ns -+ 6ma + 5[V, Vall — ma) +
= %(77”&1 — nyg + ng + 6my + 5[V, Vi)
= %(7n — 8ny3 + ny + 6my + 5([V1, V5]|)
and so

1
Ny > g(—6m—}- Tn +ny + 6my + 5|[V1, V5]|).
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Now, we have

’YszdR(G) =3nz+ny —n_y
=4ns+2n; —n

= 4TL13 —n — 2711

1
5( 6m + Tn +ny + 6my + 5|[Vi, V5]|) —n — 2n4 (3)
1 1
= 5(—6m +7Tn —2n) + i(nl + 6my + 5|[V1, Va]| — 4ny)
on—6m 1

Let © = 6my + 5|[Vi, V5]| — 3ny. We show that © > 0. If ny = 0, then © = 0.
Suppose that n; > 1. By the definition of an SDR2DF, for each v € V; we have
dy,,(v) > 1. Then

© = 6my + 5|[V1, V5] — 3ny

=3 du(v)+3)  dy(v) + (2|[Vi, V5] — 3m)
veVr veVr

_3ZdV13 2| ‘/1"/55]|_3n1)
veVy

> 3ny + 2[[Va, Va]| — 3

> 0.

Therefore 72,5(G) > 2258m

2
Case 2. V5 = 0.

Since V_; # 0, we conclude that V5 # (. By the definition of an SDR2DF, each
vertex in V_ is adjacent to at least two vertices in V5, and so

[Vor, Vigll > [[Vor, Val| > 2|V | = 2n .

Furthermore we have

2n_y < |[Voy, V)l = ) dy, (v)

vEVR

For each vertex v € V3, we have that f(v) 4 2dy,(v) + dy, (v) — dy_, (v) = f[v] > 2,
and so dy_, (v) < 2dy,(v) + dy,; (v). Now, we have

2n_1 S Z dV,l(U)

vEVR
<Y (2dy,(v) + dy, (v))
vEVR

— 4m12 - 4m1 - 3|[‘/1"/2]|7
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which implies that
1
Mg > Z(anl -+ 4m1 + 3‘[‘/17 VQ”)

Hence,
m > myg + |[Vo1, Vio]| + m_y
> myg + |[V_1, Via]|
> i(in + dmy + 3|[Vi, Val|) + 20,
= i(lOn_l + 4my + 3|[V1, V2]|)
- i(lOn — 10019 + 4my + 3|[V1, V3] |)
and so

1
nig > 1—0(—4m + 10n + 4my + 3[[V1, Vo).

Now, we have

’deR(G) =2ny+mn; —n_y
=3ny+2n; —n

:3n12—n—n1

3
> —(—4m+ 10n + 4my + 3|[V1, V2]|) —n —my

10

3 10 1 3 10 1
= 2 (—4m+10n — —n — =n) + — (dmy + 3|[Vi, Va]| — —nq + =

10( m + 10n 3n 3n)+10( my + 3|[Vi, Va| 3n1+3n)

19n —12m 3 1
=— " 1—0(4m1 + 3|[V1, Vo] | = 3ny + g(n—l + n2))

Let © = 4my + 3|[V1, Va]| — 3ny + %(n_l + ny). We show that © > 0. If ny = 0, then
O = %(ng +n_1) > 0. Suppose that n; > 1. By the definition of an SDR2DF of G,
we have dy,(v) > 1 for each v € V;. Then

1
© =4my + 3|[V4, V5]| — 3ny + g(n_l + ns)

=33 dy(0) + (%(n2 Fn) — 3y 4 dmy)

Therefore v2,5(G) > 22522 Since G has no isolated vertex, we have

19n — 12m 5n — 6m

2
G
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Let 72,5(G) = 2252 Then all inequalities (1), (2) and (3) must be equalities.
In particular, n; = 0 and ng = ny3, and so Vi3 = V3 and V = V3UV_;. Furthermore,
m = mg + |[V_1, V]|, |[[Vo1, V3]| = n_y and my = £(n_y — ng). This implies that for
each vertex v € V_; we have dy_,(v) = 0 and dy,(v) = 1, and so each vertex of V_;
is a leaf in G. Moreover for each vertex v € V3 we have dy_, (v) = 3dy,(v) + 1. Hence
G e H.

On the other hand, let G € ‘H. Then G = L, for some ¢ > 1. Thus, G is obtained
from a graph H of order t by adding 3dy(v) + 1 pendant edges to each vertex v of
H. Let GG have order n and size m. Then,

n= Y (3dy(v) +2) = 6m(H) + 2n(H)

veV (H)

and
m=m(H)+ Y  (3dg(v)+1)=Tm(H)+n(H).
veV (H)
Assigning to every vertex in V' (H ) the weight 3 and to every vertex in V(G) -V (H
the weight —1 produces an SDR2DF f of weight w(f) = 3n(H) — (6m(H)+n(H)
2n(H) — 6m(H) = 2252 Hence v25(G) < 22592 Tt follows that 2,5(G) = 2258
and this completes the proof.

~—

3

O

Theorem 3.2. Let G be a graph of order n > 3. Then

In—+2
”Y?dR(G) >4 3 -

This bound is sharp for DSy 4.
Proof. Let f = (V_1,Vi, V5, V3) be a v2,5(G)-function. If |[V_;| = 0, then 72,5(G) >
n>44/ ”T“ —n. Hence V_; # (. We consider the following cases.

Case 1. V3 # (.

Since each vertex in V', is adjacent to at least one Vertex in V3, we conclude that

at least one vertex v of V3 is adjacent to at least —31 vertices of V’,. Also, since

each vertex in V”| is adjacent to at least two vertices in V,, we conclude that at
7. Then 2 < flv] <

least one vertex u of V5 i

3ns + 2ng +nq — nn—;l which implies that

0 < 3n3 + 2ngnz +ninz —n’_ | — 2ns. (4)

Similarly, we have

0 < 3nsng + 2n3 + ning — 2n” | — 2ns. (5)

By multiplying the inequality (4) by 2 and summing it with the inequality (5),
we obtain

0 < 6n3 + 2n3 + Tngns + 2ninz + nyng — 2n’ | — 2n” | — 2ny — 4ns.



J. AMJADI ET AL. /AUSTRALAS. J. COMBIN. 72 (1) (2018), 82-105 96

Since n = ng + ny + ny + n_q, we have
0< 6n§ + 2n§ + Tnong + 2ninsg + ning + 2n; — 2ng — 2n,

equivalently

O<16n2+5n2+@nn +Enn —|—Enn +En —E(n—irn)
= 3 3 2 3 2103 3 1763 6 1762 3 1 3 3

16
< 16m3 + 9n3 + 4n? + 24nons + 16n1n3 + 12011, — g(n + n3)

16
= (4n3 + 3ng + 2n1)? — g(n + n3)

which implies that 4,/ % <4nz+3ny+2n;. If ng > 2, then 4 ”T“ <4dns+3nyg+
2n;. Hence let n3 = 1. Then

16 56 32 16 16
0<16+ Eng + ?ng + ?nl + Enlng - E(TH_ 1)
16 16
< 16 + 9n3 + 4n7 + 24ny + 161 + 12010y — g(n +1) — g(nl +ng)

16
= (4”3 + 3”2 + 2711)2 — ?(n +ny +ng + 1)

which implies that 4/ w < 4nsz + 3ny + 2n,. Since n > 3, we conclude that

ni +ng > 1, and so

2
a2 < g+ 3y + 201,
Therefore
Ysar(G) = 3nz + 2ng +ny —n_y
=4dns3+3ny+2n1 —n
> 44/ nt2 —n.
3

Case 2. V5 = 0.

Since V_; # 0, we conclude that V5 # (). As in Case 1, at least one vertex u of V,
is adjacent to at least 22—;1 vertices of V_;. Then 2 < flu] < 2ny +ny — 27;;1 which
implies that

0 < 2n3 4+ ning — 2n_1 — 2n,.
Since n = ny + ny + n_q, we have
0< 2n§ 4+ ning + 2nq — 2n,

equivalently

= 3 2 6 1742 3 1 3
2

16
< On3 +4nt + 1210, — 3" 3n;

16
= (3ng + 2ny)* — 3N 3n3.
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Since ny > 2, we have 4 ”T“ < 3n9 + 2n;. Therefore

’Yng(G) =2ny+mn; —n_

=3ns+2n1 — n
n+2
> 44/ —
jtiy 3 n?
and this complete the proof. O

Next we establish lower and upper bounds on 7%,,(G) where G is a cubic graph
and k < 5. We shall need the following result due to Favaron [8].

Theorem 3.3. If G is a connected cubic graph G of order n, then p(G) > g, unless

=2 .

G is the Petersen graph in which case p(Q) 5

Theorem 3.4. Let G be a connected cubic graph of order n. For k <5,

kn & 13n
R < Yedr = R

Proof. The lower bound follow from Proposition 2.2. Now, we prove the upper
bound. Let S be a maximum 2-packing in G, and so |S| = p(G). If G is the Petersen
graph, then n = 10 and p(G) = 1. Consider the labeling of the Petersen graph in
Figure 1.

Then the function f : V(G) — {—1,1,2,3} defined by f(x;) =2 for 1 <i <5
and f(x;) =1 for 6 < i < 10, is an SDRKDF on G of weight 15. Hence v¥,5(G) <
15 < B8n

NO\?V, assume that G is not a Petersen graph. Then the function f : V(G) —
{—1,1,2,3} defined by f(z) = —1 for x € S and f(x) = 2 otherwise. Since for each
vertex v € V(@) we have |[N[v] N S| < 1, we conclude that f[v] > 5. Hence f is an
SDRKDF on G of weight

w(f)=2(n—1S]) = |S| =2n—3|S| = 2n — 3p.

By Theorem 3.3, we have
k n
Year(G) < 2n —3p < 2n — 3§ =

O

To see that the lower bound presented in Theorem 3.4 is sharp, consider a cycle
Csi = v1vg ... w301, where t > 1, add t new vertices xq,xs, ..., x; and join z; to the
three vertices vs;_o,v3;,_1,v3 for ¢ = 1,2,....¢t. Let G denote the resulting cubic
graph of order n = 4¢t. We have following sharp examples.
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X1

Iy i)

2o\

Xy X3

Figure 1: A labeling of the Petersen graph

o If & = 2, then the function f : V(G) — {—1,1,2,3} defined by f(z;) =
f(vgi—g) = =1 for 1 < i <t and f(z) = 2 otherwise, is an SDR2DF on G of
weight 2t = £ and so 72,,(G) < 2. Consequently, 72,z(G) = %.

e If £ = 3, then the function f : V(G) — {-1,1,2,3} defined by f(vs;) =
3, f(vsi—2) =2 and f(v3i—1) = f(x;) = —1 for 1 < ¢ < ¢, is an SDR3DF on G

3n __ 3n

of weight 3t = 22 and so 73,,(G) < 2. Consequently, 73,5(G) = 2

e If k = 4, then the function f : V(G) — {—1,1,2,3} defined by f(vsi_1) = 3,
f(z;) = =1 for 1 <i <t and f(zr) = 1 otherwise, is an SDRADF on G of
weight 4t = n and so v4,5(G) < n. Consequently, v2,5(G) = n.

e If k£ = 5, then the function f : V(G) — {—1,1,2,3} defined by f(vsi—1) =
3, f(vs;) = 2, f(v3i—2) = 1 and f(z;) = —1 for 1 < ¢ < ¢, is an SDRSDF on G

of weight 5t = 2 and so 73,,(G) < 2. Consequently, 73,,(G) = 2.

5n.

.
We believe the upper bound of Theorem 3.4 is not best possible and pose the following
problem.

Problem 3.1. Is it true that if G is a cubic graph of order n, then v2,5(G) < n.

If this problem is true, then the bound is achieved, for example, by Kj ;.

4 Some classes of graphs

Ahangar et al. [3] determined the signed double domination number for complete
bipartite graphs and cycles. In this section, we determine the signed double k-
Roman domination number of some classes of graphs including complete bipartite
graphs and cycles.
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4.1 Complete bipartite graphs

Ifk>2n> ng are integers and V is a set of size n, then let f*:V — {—1,1,2,3}
be the function defined in the end of section 1.

Proposition 4.1. For2 <m <n,

Vsar(Kmon) = { 6 if m>3.

Proof. Let X = {x1,22,...,xp} and Y = {y1,v2,...,yn} be the bipartite sets of
K, 5. The result is immediate for m = n = 2. Assume that n > 3.

First let m = 2. Define the function f : V(Ky,) — {—1,1,2,3} by f(x1) =

flxa) =2, f(y1) =2, f(y2) = —1 and f(y;) = (—1)" for 3 < i < n, when n is odd,
and by f(z1) = f(x3) =2 and f(y;) = (—1)" for 1 < i < n when n is even. It is clear
that f is an SDR2DF of K,, with weight 4 and hence 72,(Ka,,) < 4.
Now, we show that v2,,(K2,) > 4. Let f = (V_y, V1, Va, V3) be a v2,p(Ka ,)-function.
Assume without loss of generality that f(z2) > f(z1). Since f[yi] > 2, we must have
flzg) > 1. If f(x1)+ f(x2) <2, then f(y;) > 1 for each i and since each vertex with
label —1 must have a neighbor with label 3 or two neighbors with label 2, we have
V2 r(Kayn) > n+2 > 4. Suppose f(x1)+ f(z2) > 3. Tt follows that f(xq) > 2. Hence
V2r(Kon) = f(x2) + flz1] > 2+ flz1] > 4 as desired. Therefore 2,,(K>,) = 4.

Now let m = 3. Define the function f : V(Ks,) — {—1,1,2,3} by f(z1) =

Fas) = flas) =2, Fln) =2, () = —1 and f(y:) = (1) for 3 < i < n, when n
is odd, and by f(z1) = f(z2) = f(23) =2 and f(y;) = (—1)" for 1 <i < n when n
is even. Clearly, f is an SDR2DF of K>, of weight 6 and hence v2,,(K>,,) < 6.
To prove the inverse inequality, assume f = (V_1, V1, Vo, V3) is a 72,5 (K3 ,)-function.
Suppose, without loss of generality, that f(z3) > f(z2) > f(x1). Since fy1] > 2, we
deduce that 37, f(z;) > —1. It 320 f(x;) = —1, then f(y;) = 3 for each i and this
implies that 72p(Ksn) = >0y f (@) + 200 flys) > 3n—1>6. 1f 320 | f(a) =0,
then f(y;) > 2 for each i and so V25(Ksn) = S0y flai) + S0, f(y:) > 2n > 6.
If S22 f(x:) = 1 or 2, then f(y;) > 1 for all s and f(x;) = —1. Since any vertex
with label —1 must have a neighbor with label 3 or two neighbors with label 2, we
conclude that either f(y;) = 3 for some ¢ or f(v;), f(y;) = 2 for some 4, j. Thus
Vr(Kan) = S0, f(2i) + X0y f(g) = n+3 > 6. Let f(x1) + f(w) + flas) >
3. If f(z1) = —1, then flzq] > 2 yields Y1, f(yi) > 3 and so V2 p(Ks,) =
S f@) + 00 fy) > 6. Let f(zy) > 1. If f(xg) 4+ f(x3) > 4, then we have
V2r(Ksn) > f(x2) + f(x3) + flz1] > 6. Suppose f(x3) + f(x3) < 3. Tt follows that
f(z1) = f(z2) = 1 and f(z3) < 2. Since any vertex with label —1 must have a
neighbor with label 3 or two neighbors with label 2, we deduce that f(y;) > 1 for
each ¢ and so v2,p(K3,) > n+ 3 > 6. Thus 72,5(K3,) = 6.

Finally, let m > 4. To show that v2,5(Knn) > 6, let f = (V_1, Vi, V5, V3) be a
72 r (Ko n)-function. Assume without loss of generality that f(z,,) > -+ > f(zy). If
V_1 = 0, then the result is trivial. Let V_; # 0. If V_;NX = () (the case V_1NY = ()
is similar), then since any vertex with label —1 must have a neighbor with label 3
or two neighbors with label 2, we have f(z,,) = 3 or f(z,) = f(zm-1) = 2 and
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50 Vear(Kmn) = S0 flas) + flam] > m +2 > 6. Assume that 2, € V., N X
and y; € V_yNY. It follows from flz1] > 2 and flys] > 2 that Y ;| f(y;) > 3
and 7, f(5) 2 3. Hence Vyp(Kma) = S0 flzi) + X0y f(5) = 6. Thus
Veur(EKinn) > 6.

To prove the inverse inequality, define the functions f, g, h: V(K,,,,) = {—1,1,2,3}
as follows:

If m,n are odd, then let f(z1) = f(y1) = 3, f(z;) = (=1)"" for 2 < ¢ < m and
fly)) = (=) for 2 < ¢ < n. If m,n are even, then let g(z1) = g(y1) = 3,
9(@2) = g(y2) = 2, g(a:) = g(y;) = —1 for 3 <i <4, g(a;) = (=1) for 5 < i < m
and g(y;) = (=1)" for 5 < i < n. If m is odd and n is even (the case m is even and
n is odd), then let h(z) = f(z) if z € X and h(z) = g(z) if z € Y. Clearly, these
function are SDR2DF of weight 6, and so v2;5(Km.n) < 6. Thus v2,5(Kmn) = 6 and
the proof is complete. O

Proposition 4.2. Let k > 3 and n > m > k + 1 be integers. Then v*p(Kpn) =
2k + 2.

Proof. Let X = {x1,29,...,xp} and Y = {y1,vs,...,yn} be the bipartite sets of
Kpn. First we show that 4% 5 (Kp,) > 2k +2. Let f: V(Kp,) — {-1,1,2,3}
be an SDREDF. Assume without loss of generality that f(z,,) > ... > f(xy). If
f(u) > 1 for each u € V(K,,,), then v*, (K. ,) = w(f) > 2m > 2k + 2. Suppose
Vop# 0. Ife; € VoynX and y; € Vo NY, then it follows from flx;] > k and
flys) = k that 350, f(y;) > k+1and 350, f(x:) > k + 1 yielding 735(Knn) =
Yo )+ >0 f(y) > 2k+2. Let XNV_; =0 (the case Y NV_; = () is similar).
Since any vertex with label —1 must have a neighbor with label 3 or two neighbors
with label 2, we must have f(z;) = 3 for some i or f(x;) = f(z;) = 2 for some 4, j
implying that ", f(x;) > m+2. Since f[x1] > k, we have Y 1" | f(y;) > k— f(x1).
I (1) = L, then 1 (Koun) = 3508, F(w1) + 70, fly) > m s 2+ b= 1> 2k +2.
IF (1) 2 2, then S0 () > 2m and 50 g Kon) = S30%0 F(2) + 300 £ i) >
2m +k — 322k3+2 Thus Vo r(Kmn) > 2k + 2.

To prove the converse inequality, define the function f: V(K,,,) — {—1,1,2,3}
as follows: f(x) = f*™(x) for x € X and f(x) = f*(x) for x € Y. Clearly
f is an SDRKDF on K,,, of weight 2k + 2 and so v*,p(K,) < 2k + 2. Thus
Vo (Kn) = 2k + 2. O

Proposition 4.3. Let k > 4 and n >k — 1 be integers. Then &, (Ky_1.,) = 2k

Proof. Let X = {x1,29,...,2,1} and Y = {y1, 2, ...,yn} be the bipartite sets of
K1 First we show that 7%, (K}_1,) < 2k. Define the function f: V(Kj_1,) —
{—1,1,2,3} as follows: if n = k — 1, then let f assign 2 to x;,7; and +1 to the
remaining vertices, and if n > k, then let f assign 3 to z;, +1 to the remaining
vertices of X and f(y) = f*'(y) for y € Y. Clearly, f is an SDRKDF on Kj_1,, of
weight 2k and so VX5 (Ky_1,,) < 2k.

Next, we show that 7% ,(Ky_1,) > 2k. Assume f = (V_1,V;, V5, V3) is a
yh R (Kg—1n)-function. If V_; = (), then f must assign 2 to at least one vertex in X
and one vertex in Y and this implies that v%,n(Kj_1,) > k+n+1> 2k. Let V_; # 0.
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Assume without loss of generality that f(zg_1) > --- > f(x1). fz; € V.1N X and
y; € V_1NY, then it follows from f[z;] > k and f[y;] > k that ", f(y;) > k+1 and
>oims f(wi) = k+ 1 implying that 9 (K1) = S0 () + X0 f(9) > 2k +2.
Let X NV_; = () (the case Y N V_; = () is similar). Since any vertex with label
—1 must have a neighbor with label 3 or two neighbors with label 2, we must
have f(x;) = 3 for some ¢ or f(x;) = f(x;) = 2 for some ¢,j implying that
Zf;l f(z;) > k+1. Since f[z1] >k, we have > | f(y;) >k — f(z1). If f(z1) =1,
then 74 (Ky 1) = S000 fla) + S0, fly) > b+ 14k — 1> 2k If f(zy) =
2, then 3200 f(w:) > 2k — 2 and so ylip(Ki-10) = 2,00 fla) + S0, fly) =
2%k — 2+ k —2 > 2k. Finally, if f(z;) = 3, then ¥ f(z;) > 3k — 3 and so
Vo (Br-10) = Y000 f(@i) + 0, f(yi) = 4k — 6 > 2k Thus 7f(Ke-1,) > 2k
implying that V%, (Kj_1.,) = 2k. O

The proof of next result is similar to the proof of Propositions 4.2 and 4.3 and
therefore it is omitted.

Proposition 4.4. (i) Forn > 2, v3,n(Ky,) = 5.
(ii) Forn >k > 3, v* n(Ky.n) = 2k + 1.

4.2 Cycles

Ahangar et al. [3] determined the signed double Roman domination number of cycles.

In this section, we determine the signed double Roman k-domination number of cycles
for k = 2,3,4.

Theorem 4.1. Forn > 3, v2,x(C,) = n.

Proof. Let C,, = (vivg...v,). Define f : V(C,) — {—1,1,2,3} by f(vsir1) =
f(vgigs) =2, f(vg42) = —1 for 0 < i < |n/3| —1 and f(x) =1 otherwise. It is easy
to see that f is an SDR2DF on C,, of weight n yielding v2,,(C,,) < n.

To prove the inverse inequality, we proceed by induction on n. The result is clear
for n = 3,4,5. Let n > 6 and suppose the statement holds for all cycles of order less
than n. Let f = (V_1, V4, Vo, V3) be a 72,5(C,)-function. If V_; = (), then clearly
v2,r(Cn) > n. Let V1 # (0 and let v; € V_;. By the definition, v; must have at least
two neighbors in V5 or one neighbor in V3.

Suppose first v; has a neighbor in V3. Assume without loss of generality that
f(viy1) = 3. Since f[v;] > 2 and f[vi41] > 2, we must have f(v;—1) > 1 and
f(vige) > 1. Let Ch_3 = (C,, — {vy, viq1,Vir2}) + vi_1v43. Clearly, the function
9 : V(Ch3) = {—1,1,2,3} defined by g(vi—1) = max{f(vi—1), f(vit2)} and g(z) =
f(z) otherwise, is an SDR2DF of C,,_3 of weight at most y2,z(C,,) — 3 and by the
induction hypothesis we have

Vair(Cn) =3 +w(g) >3+ (n—3) = n.

Now let v; have two neighbors in V. Then f(v;—1) = f(vi+1) = 2. Since f[v;_1] >
2 and f[vi41] > 2, we must have f(v;_9) > 1 and f(vige) > 1. If f(vi—a) > 2 or
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f(vige) > 2, then let C,,_3 = (C,, — {vi_1,v;, vix1}) +vi_2v;42. Clearly, the function f,
restricted to C,,_3 is an SDR2DF of C,,_3 of weight 2,,(C,,) —3 and by the induction
hypothesis we have

V2n(C) =3+ w(flo, ) >3+ (n—3) =n+2.

Assume that f(v;—2) = f(viye) = 1. If f(viy3) = —1, then we must have f(v;44) =3
and the results follows as above. Let f(v;13) > 1 and let C,_y = (C), — {viya}) +
vi11V;+3. Clearly, the function f, restricted to C),_; is clearly an SDR2DF of C),_;
of weight v2,-(C,,) — 1 and by the induction hypothesis we have

Yaar(Cn) =1+ w(flo, ) >1+(n—1)=n
and the proof is complete. O
Theorem 4.2. Forn > 3,

n if n=0 (mod 3),
Pr(Cy)=<¢ n+1 if n=1 (mod 3),
n+2 if n=2 (mod 3).

Proof. Let C,, = (vivg...v,). Define f : V(C,) — {—1,1,2,3} by f(vsir1) =
f(vsize) =2, f(vgigs) = =1 for 0 < i < |n/3] — 1 and f(x) = 2 otherwise. Clearly,
f is an SDR3DF on C,, of weight n + r where n = r (mod 3) and this implies that

n if n=0 (mod 3),
VR(C) << n+1 if n=1 (mod 3),
n+2 if n=2 (mod 3)

If n =0 (mod 3), then it follows from Proposition 2.2 that v2,,(C,) = n in this
case.

Let n = 1 (mod 3). To prove the inverse inequality, let f = (V_1, V3, V5, V3) be
a v3,p(Cy)-function. Since f[v;] > 3 for each i, we conclude that there is no i with
f(vi) = f(viy1) = —1 or f(v;)) = f(viz2) = —1. It follows that there are three
consecutive vertices, say vy, vy, v3, with positive weight. If f(ve) > 2, then clearly
flva] > 4, and if f(v2) = 1, then vy must have a neighbor in VoUV3 yielding fvs] > 4.
Therefore

n 2 n

3Y5(Co) = D D figg) =4+ D ) flvisg) > 3n+ 1.

i=1 j=0 i=2 j=0

Since 72, (Cy) is an integer, we obtain 73,,(C,) > [22] = n+1. Thus 72,5(C,,) =
n + 1 in this case.

Let n = 3t+2 for some ¢ > 1. To prove 73,,(C),) > n+2, we proceed by induction
on t. The result is clear for t = 1. Let ¢t > 2 and assume that the statement is true
for all cycles of order 3t + 2 where t' < t. Suppose C, = (vivy...v,) and let
f=(V_1,V1, Vo, V3) be a v2,5(C,)-function. If V_; = (), then clearly |Va| + V3| > 2
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implying that v2,,(C,,) > n + 2 as desired. Let V_; # () and let v; € V_;. By the
definition, v; must have at least two neighbors in V5 or one neighbor in V3. If v; has a
neighbor in V3, then as in the proof of Theorem 4.1, we can see that v2,,(C,) > n+2.

Let v; have two neighbors in V5. Then f(v;—1) = f(viy1) = 2. Since flv;_1] > 3
and flv;1] > 3, we must have f(v;_5) > 2 and f(vi41) > 2. Let C,,_3 = (C), —
{vi_1, 03, Vi11}) + vi_9v; 1. Clearly, the function f, restricted to C,_3 is an SDR3DF
of weight at most 72,,(C,,) — 3 and by the induction hypothesis we obtain

Yoar(Cn) =3+ w(flo, ) 23+ (n—3+2) =n+2
and the proof is complete. O
Theorem 4.3. Forn > 3, v4,,(C,) = [(4n)/3].

Proof. Let C,, = (vivg...v,). Define f : V(C,) — {—1,1,2,3} by f(vsiz1) =
2, f(vsiz2) = f(ugirg) = 1 for 0 <i < |n/3] —1 when n = 0 (mod 3), by f(v,) =
2, f(vsiz1) = 2, f(vsir2) = f(usizg) =1 for 0 <i < |n/3] —1 whenn=1 (mod 3),
and by f(vn) = 1, f(vn-1) = 2, f(vsis1) = 2, f(vsig2) = flugigs) = 1for 0 <4 <
|n/3] —1 when n =2 (mod 3). Clearly, f is an SDR4DF on C,, of weight [(4n)/3]
and 50 v,45(Cn) < [(4n)/3].

On the other hand, since v2,,(C,,) is an integer, we deduce from Proposition 2.2
that 724p(Cn) = [(4n)/3]. O

We conclude this paper with some open problems.
Problem 4.1. Find upper bounds on v*,5(G) in terms of order of G and k.

Problem 4.2. What can one say about the minimum and mazimum values of |V_4|,
\Vi|, |Va] and |V5| for a o s-function f = (V_1,V1, Va, V3) of a graph G ?

The cartesian product G = G X G of two disjoint graphs G and G has V(G) =
V(G1) x V(Gs), and two vertices (uy,us2) and (v1,vs2) of G are adjacent if and only
if either u; = v; and ugvy € E(G3) or us = vy and ujv; € E(Gy). The cartesian
product of two paths is called a grid, the cartesian product a cycle and a path is
called a cylinder and the cartesian product of two cycles is called a torus.

Problem 4.3. Can one determine the signed double Roman k-domination of grids,
cylinders or tori?
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