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Abstract

The KdV equation models the propagation of long waves in dispersive media, while the
NLS equation models the dynamics of narrow-bandwidth wave packets consisting of short
dispersive waves. A system that couples the two equations to model the interaction of
long and short waves is mathematically attractive and such a system has been studied over
the last decades. We evaluate the validity of this system as a physical model, discussing
two main problems. First, only the system coupling the linear Schrédinger equation with
KdV has been derived in the literature. Second, the time variables appearing in the
equations are of a different order. It appears that in the manuscripts that study the
coupled NLS-KdV system, an assumption has been made that the coupled system can
be derived, justifying its mathematical study. In fact, this is true even for the papers
where the asymptotic derivation with the problems described above is presented. In
addition to discussing these inconsistencies, we present an alternative system describing
the interaction of long and short waves.

1 Introduction

Considerable attention (e.g. [2, 3, 4, 8, 9, 14]) has been devoted to the following system,
which has become known as the cubic nonlinear Schrodinger-Korteweg-deVries (NLS-KdV)
system:

Wy + Ugy + a\u|2u = —buw,

(1.1)

b
Vt + COVg + Vggy = _§(|u‘2)za

where z,t € R, v(z,t) is a real-valued function, u(x,t) is a complex-valued function, and a,
b and c are real constants. The system (1.1) couples two of the most studied equations in



mathematical physics: the KAV equation describes the unidirectional propagation of long,
nonlinear dispersive waves, while the cubic nonlinear Schrédinger equation governs the slowly
varying modulation of a narrow bandwidth train of short waves. Both equations are com-
pletely integrable [16, 22]. As such, the system (1.1) is interesting both from a mathematical
and a physical point of view.

However, there are several concerns regarding the physical derivation of the above
system which have been ignored thus far. Even though many authors (the papers [2, 3, 4, 8,
9, 14] are but a small sample of the relevant literature) have studied different mathematical
aspects of system (1.1), there exists a tendency to cross reference without checking the details
of the original derivation. Tracing through a plethora of references, the exact derivation of
system (1.1) is nowhere to be found. We were led eventually to the paper by Kawahara et al.
[20] which appears to be where the following system (1.2) was first introduced in the context
of water waves:
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Here k, p, q, r and s are real constants, x,, = "z, and t,, = ¢"t. Here € is the small parameter
in terms of which the asymptotic expansions were performed. Notice that the first equation
in (1.2) is linear whilst that in (1.1) is nonlinear. Further, the time scales appearing in (1.2)
are inconsistent, with the dynamics of the second equation of (1.2) appearing on a slower
time scale than that of the first equation. More on this is discussed below. The same is true
for the derivation in the context of plasma physics, see [5, 17, 21], where references lead back
to [25] and the system (1.1) is not found in any form. Thus it appears that works heretofore
studying (1.1) are investigating the mathematical aspects of a hypothetical system that has
not been derived consistently. Of course, these mathematical considerations are perfectly
valid in their own right, but it should be stated that to this point, the results presented are
yet to be shown relevant in the context of any application.

Even the derivation of system (1.2) in [20] is problematic. Starting from the Euler
water wave problem, the authors introduce multiple spatial and temporal scales z,, = €"x
and t, = €t with g = = and tyo = t to expand the velocity potential and surface elevation
functions in an asymptotic series, while assuming that the waves travel in one direction. At
the orders €* and €, the equations of (1.2) arise as a consequence of eliminating secular terms.
It is immediately clear that the system (1.2) is troublesome as the two equations appear at
different time and spatial scales. This is dealt with in [20] by rewriting the final equations in
terms of the first-order slow variables =1 and t: to = €ty, t3 = €2t; and z9 = €x;, T3 = €217.
Of course this is an inconsistent argument: the different equations encountered to this point
are obtained by equating terms at the same order of e. Reintroducing e at a later point
invalidates all calculations to this point. The main problems with the applicability of (1.1)
can be summarized as thus:

(1.2)

(A) Only a system coupling the linear Schrodinger (LS) equation with the KdV equation
has ever been derived in the form (1.2) (see also [15, 17, 21]).

(B) In the two coupled equations, two different time scales appear.



Many authors refer to one or multiple of [15, 17, 20, 21] and each other to motivate
the use of the system (1.1), while apparently the details and the results presented in these
papers are ignored.

In addition to analyzing (A) and (B) in more detail, we propose an alternative system

o0 (1.2). Our starting point for the asymptotic expansions is the fifth-order KdV equation as
introduced below in (2.2). It would seem more natural to start from the Euler water wave
equations or the equations describing waves in plasmas (and this is done in a forthcoming
paper), but this offers no direct advantage: the fifth-order KdV equation incorporates all the
physical effects one wants to consider in a derivation of the coupled system: one-dimensional
propagation, dispersion, nonlinearity, the possibility of second-harmonic resonance, etc. It is
well known [7] that even the classical KAV equation may be used as the starting point to
derive the NLS equation. Expanding solutions of the fifth-order KdV equation as a power
series in €, we write the coefficient of each power of ¢ as a superposition of a long and a
short wave, as is done in [20]. Next, secular contributions are eliminated at each order,
resulting in a set of two equations at each order. At order €, one of the equations is the LS
equation, i.e., the first equation appearing in (1.2). At order €°, one of the equations is the
KdV equation, the second one in (1.2). This is exactly what the authors in [20] obtained
when they combined the two equations that appear at different orders of the asymptotic
expansion. To some extent, this confirms our claim that the fifth-order KdV equation is a
suitable laboratory for the investigation at hand. Our point now is clear: instead of using
one equation from each of the orders ¢ and €, we will use two equations that appear at the
same order of the expansion.

Our calculations and the results obtained from them indicate the impossibility for the
derivation of (1.1) in the context of any physical system describing the interaction of long
and short waves in dispersive media. It appears impossible even to derive (1.2) with both
equations appearing at the same order. It is important to note that in [13], by working with
the full Euler equations in three spatial dimensions, i.e., (z,y,2,t) € R® x R, the authors
obtain the ODE version of (1.2). That is, using a specific traveling-wave solution ansatz in
the Euler equations, and after expanding the solution in an asymptotic series, the authors
obtain a system of ODEs. This is the same system of ODEs one finds using a traveling-wave
ansatz directly on (1.2). This is expected, of course, as the traveling-wave ansatz effectively
eliminates the inconsistent time derivatives in (1.2). This does not authenticate the derivation
of the PDE system (1.2) where the two equations appear at the same order.

2 Summary of results

Although the vocabulary used below is that from the theory of surface water waves, our
considerations are equally valid in the context of plasma physics. We do not include here
the full set of Euler equations governing the surface water wave problem or the system
for plasma waves consisting of the fluid equations coupled with Maxwell’s equations. The
interested reader can find both systems in [18], for instance.

The validity of these systems is undisputed, but so is their complexity. Because of
this, simpler asymptotic models that focus on the incorporation of less than the full gamut of
physical effects are frequently used. One-dimensional and unidirectional waves are frequently
observed and studied, both in the long- and short-wave regime. The case of long waves in



shallow water, for instance, gives rise to the celebrated Korteweg-de Vries (KdV) equation
— My — 3uug + (7 — 1/3)ugye = 0, (2.1)

where 7 = k/gh? is a dimensionless measure of the importance of surface tension vs. the
effect of gravity. Here g is the acceleration of gravity, h is the depth of the undisturbed water
surface, k is the coefficient of surface tension, and A is a real number associated with the
Froude number [1].

Another, more complicated equation incorporating more physical effects, was derived
by Johnson in 2002 [19]. This equation reads

Ut + Mg + couuy, + QUQU:): + ﬁuxuzz + YUUgze + ClUzze + CQUzzaae = 0, (22)

with the seven constants A, co, «, 3, v, ¢1 and cg specified in [19]. With different values of
the constants, this equation may also be derived when 7 in (2.1) is near 1/3, at which point
the derivation leading to (2.1) breaks down [23]. Equation (2.2) is the starting point of our
calculations.

We expand the solution u(zx,t) of (2.2) asymptotically in the form

(o]
Zeju] x,t).
7j=1
Next, the stretched variables
E=e(x —cyt); 1 =€t (2.3)

are introduced to separate the dependence of the quantities u; on phenomena that occur on
long and short spatial scales, and on fast and slow times. Note that 7y = t. Spatial and time
derivatives transform as

o 9D or; 0 9
dr 0z O Z - €

. (2.4)
9 90 a7 0

A a2 Jj_ =
ot 8t8§+j:0 at or; “gang;ea

In what follows we consider only the dynamics with respect to ¢, 7, 7o and 73. Keeping terms
of orders up to €® in (2.2) we obtain the following expression:



eult + equt + 63u3t + 64U4t + 65U5t — eQCgulg — e3cgu25 — e4cgu35 — 65CQU45 + 6211,17—1
+ €3u2n + 64“371 + 65u4T1 + 63u172 + 64u272 + 65u372 + €4u173 + 65u273 =

— (Mg + C1Uzes + C2ULszzan) — € (Mi2g + Mg + C2Usgars + 5C2UIzzae+

+ BUulzptize + VU1 ULzzs + 3C1ULzne + C1U2zzz + COUIULS)

— € (Mugg + Miog + C2Uszazar + 5C2Uzaze + 100U Lzee + QUTULE + PUipUoge

+ 2Bu1zU1z¢ + Bu2stize + BUieize + YUIUze + 3VUIULzze + YU2ULzze + COULUL

+ Courting + CoUULL + C1U3zar + 3C1Upze + 3C1UILEE)

—é ()\u4z + AMuge + C2Udzzrze + OC2U3erre + 10C2U2szee + 10CoU1Lpeee + auiug,

+ quiurge + 201Uty + BUlpUses + 2BUipUsze + Buizuiee + Buortisgg + 28Ut e
+ Buzztize + Buretops + 28U1eUize + Buzetize + YU USzre + 3VUIUz0e + 3VUIUILee
+ YUU2zzr + 3VULUzrg + YUIULzze + COULUSL + CoUL U2 + CoUU2 + CoULULE

+ CQU3ULL + C1ULzar + 3C1USzze + C1ULee + clulggg)

— (Musg + Ausg + CoUszrrrs + DC2Uszgrze + 10C2Us zaee + 10C2Upzeee + BeaUnpgece
+ counggeee + au%ugz + au%u% + au%um + 2auiugug; + 2auiusule + 20u1uzt .

+ Burgtaze + 2BU12U3ze + Buigoce + Bu2eses + 2BUpUoze + PuzzUice + PuszUzes
+ 2Bu3pUize + BUdzUize + BUieUsee + 2BUrctoge + Burelige + Bugetiops + 2BUeUize
+ Buzetizs + YU Udzrr + 3VUIUZZre + 3VUIU2zee + YULULEEE + VUL Uz + 3V ULU2z 06
+ 3yuguizee + YUSU2zzz + 3YUSULZee + YULUI 2z + COUI ULz + COUT UL + COULUS,

+ couguge + CoU3UL + CQU3UIE + CQUAUL + ClUSzzr + 3C1ULAzze + 3C1U3zee + C1U2g§5)-

As in [15, 20], we let uj(x,t) be the linear superposition of a long wave C1(&, 11,72, 73) and a
short, narrow-bandwidth wave e** =t A(¢, 7y, 19, 73) 4+ e " RTTWEA(E 1y 19, 73):

uy(z,t) = C1(&, 11,72, 73) + eFTTEA(E 71 79, 73) + T FETRTA(E Ty T, T3), (2.5)

with k£ #£ 0. Next, we equate different powers of € to zero. Requiring the absence of secular
terms results in additional constraints. A few remarks are in order.

Remarks.

1. To obtain a KdV-type equation, the presence of the term wj¢ee is required. This term
cannot occur at order lower than e* (with j = 1). Thus, the inclusion of the real-valued
function Cj(&, 71, 72, 73) is necessary in the expression for u;(x,t), and it is necessary to
proceed to order €* at least, in order to find a KdV-type equation.

2. In order to obtain an NLS-type equation, one needs the term |A|2A. The lowest order
at which this term can be found is €3, from the term au?uj,. It may appear that
such nonlinearities can be achieved at higher orders too. For instance, at order €*, the
terms aulug, and 2aujusui, can potentially yield a contribution containing |A[?A if
ug also contains MW A(E 1y 19, 73) + e RTTWEA(E 1 15, 73). This, however, implies
the presence of Agee, which is inconsistent with the NLS equation.



The summary of both remarks is that the NLS-KdV system (1.1) cannot be derived
with the traditional ansatz (2.5) used in [15, 17, 20, 21], starting from a generic system which
has nonlinearities that are quadratic, cubic, etc.

In what follows, we derive the system

AT3 + (01 - 1062/432).45& - ﬁk2AC§ — 3'yk2A50 + Co(AC)g = 0,
07—3 + CoCCg + Clcgfg = —(ﬁk‘Z +co — 3’yk}2)(|A|2)§.

This is arguably the simplest system that is consistent with the constraints described in the
above remarks, where the second equation is the KdV equation. If 8 # 3+, it appears that
this system is not Hamiltonian and does not have any conserved quantities. For g = 3+, the
system may be rewritten as

(2.6)

{ up + 2buy + Aty = —2b(uv),, 2.7)

vy + bug 4+ bvvg + CUzpe = _b(|u|2)17

by using a simple change of variables and renaming the constants. Note that v(z,t) is a
real-valued function, while u(z,t) is complex valued. The system (2.7) is Hamiltonian:

O (u\ 0Hs/0u . u\ [ ug
() en (Y a(t)=("). ey
and has at least four conserved quantities:

Ho(u):/ooudx, Hl(v):/oovdm, Hg(u,v):/oo (Jul® + v?) d,

—0o0 — 00 —00

o0
Hs(u,v) = / <a|uxl2 + 2 - év3 — blul*v — blu|? — bv2> dx.

oo \ 2 2
The first two, Ho(u) and Hj(v), are Casimirs of the system. It should be noted that (2.2)
is not Hamiltonian unless § = 2v. In general (2.2) has only the one conserved quantity
ffooo uwdz. If B = 2v, the equation is Hamiltonian and has three conserved quantities. The
Hamiltonian structure is only found for (2.6) if a different constraint on the parameters is
satisfied. Since our perturbation procedure outlined below is not a Hamiltonian one (nor
can it be since (2.6) is not Hamiltonian in general), we are not guaranteed to maintain any
Hamiltonian structure even for § = 2. The presence of the extra structure for 8 = 3v in
(2.7) is a bonus. It is of interest to realize that if the constants in (2.2) are related back to
the water wave problem, the constraint 8 = 3~ can only be satisfied for a specific (non-zero)
value of the coefficient of surface tension. It would be of interest to use the Hamiltonian
structure of (2.2) with 5 = 2v as the starting point for a Hamiltonian perturbation method
(see e.g. [10, 11]) to derive a Hamiltonian system coupling the interaction of long and short
waves. This is not pursued here.

3 Derivation of the system (2.7)

The reader can verify that the term wj(x,t) in the perturbation series for u(x, t) has to vanish
in order for all necessary effects to be incorporated. Thus we equate u; = 0 and we start the
expansion at order €.



At second order, we find

Uzt + Augg + C1U2zazs + CQU2zzze = 0.
With wug(x,t) given by
ug(z,t) = eFTTWAE Ty, o, ) + e+ C(E, 11, T2, T3),
(where c.c. stands for complex conjugate), we find the dispersion relation
w(k) = Mk — c1k3 + cok®. (3.1)
At third order, we obtain
Uz + AUy + ClU3zes + C2U3gzzer = Cqllae — ANUZE — U2y — DC2Uppare — 3C1U2zze
= (cg — N)C¢ — C, 4 etho=it ((cg = N)Ae — Apy — 5ok Ag + 30114:2145) + c.c.
In order for the solution u(x,t) to be bounded, we impose the secularity conditions
(cg = A)C¢ — CrF, =0, (3.2)
Ar, — [(cg = ) + Beok™® — 3c1k*] A = 0. (3.3)

This leaves us
ust + )‘u3x + U3z + C2USzzzze = 0.

The third-order solution ws(z,t) is a superposition of expressions of the form
kTl B¢ 7 19, 13) + c.c. + D(&, 71,72, 73) where the functions B and D will be deter-
mined at the next order. Since we aim to derive the simplest system coupling long and short
waves, we choose ug(z,t) = 0.

At fourth order in €, we get

Ugt + AUz + ClUAzze + COUAzzaza

= —Ug7, — 10C2U2zree — BU2U2zs — YULULzzz — COURU2E — 3C1Ugee

. 34
= —Cp, + ™AL +ik(10c2k? — 3c1) Age + ik(vk? — co) AC| (3:4)
+ 2Re =2t A2 813 4 k3 — icok) + c.c.
Once again we impose secularity conditions:
Cr, =0, (3.5)
iAr, + k(10c2k? — 3c1) Age + k(vk? — co) AC = 0. (3.6)

With these conditions imposed, the method of undetermined coefficients applied to (3.4) gives

o ﬂkg + 7k2 — <o e2ikm—2ith2

t) =
U4(l‘, ) 6k2(562k32 - Cl)

+ c.c.,

provided there is no resonance:

5eak? — ¢y # 0. (3.7)



At fifth order,

ust + AUsg + ClUsgrr + C2Uszrzzs

= Cqlge — Udgr, — AUge — U2y — DC2Udggzae — 10C2ULLece

— 2BugqUoze — BuoeUops — 3VURULLze — COURUZE — 3C1Udgae — ClUAEEE

= —Cyy — c0CC¢ — c1C¢c — (BE + co — 3vk°) (| A[*)e + HH ()

+ e AL+ (10c2k? — ¢1) Agee + B2 ACe + 37k*AC — co(AQ)¢] + c.c.,

where HH denote higher harmonics: terms that are proportional to higher (i.e., > 2) powers
of exp(ikx — iwt). The fifth-order equation leads to the secularity conditions

Cry + c0CC¢ + 1Ceee = —(Bk* + co — 37E*)(|A]P)e, (3.8)
AT3 + (Cl — 1062]472)14555 - ,Bk2AC§ - 3")/]{21450 + C()(AC)E =0, (3.9)
which make up system (2.6).

Choosing
Bk? = 3vk? = —cy, (3.10)

the two equations (3.8) and (3.9) can be rewritten to give the following system in terms of
the slow variables (73,¢):

A7—3 + (01 - 1002]{2)14555 = —QCo(AC)g,
07-3 + CoCC& + 610555 = —Co(’A|2)§.

The first equality in (3.10) is a choice, while the second is easily realized using a scaling of
the variables in (2.2). As already mentioned above, the choice of the first equality results in
a Hamiltonian system, as shown in the next section. A further change of variables u = A,
v=C —1, and a relabeling of £ as  and 73 as t, results in

{ut + (1 — 10c2k? Uy + 2cous = —2co(uv)y, (3.11)

vt + Covz + CoUUL + C1Vzze = —co(ul?)z,
which is the announced system (2.7). It should be noted that imposing the non-resonance
condition is necessary in order to find a Hamiltonian system of equations. If resonance occurs,
(3.4) results in an extra secularity condition i3k +ivk3 — icok = 0, which contradicts (3.10).

4 Hamiltonian structure and Conservation Laws

For this entire section, we assume u,v € C§°(R).

Claim. The following functionals are conserved quantities for system (2.7).

Ho(u)—/ooudac, Hl(v)—/oovd:r, Hg(u,v)—/oo (luf? + o?) da,

—0o0 — 00 —00

Hs(u,v) = / <a|um]2 + Evg - 91)3 — bluf*v — blu|? — bUQ) dx.
2 2 7§ 2



Proof. Integrating both sides of system (2.7) over the whole real line to obtain

/ wdr = %H@(u) = / (—atgzy — 2buv — 2bu), dx = 0,

—0o0 —0o0

/ vdr = iHl(v) = / <—bv - 91)2 — CUgy — bu|2> dx = 0.
o dt oo 2 "

Taking the time derivative of Hs(u,v) we have

d o0
— Hy(u,v) = / (w@ + vy + 2vvg) do

dt .
o0 o
= / U(—aUggy — 20(uv), — 2buy)dx + / u(—aUypy — 2b(Uv)y — 2bu, )dx

+2/ v(—bvx —bvvx_cvx:ﬁx_b(‘u|2)fﬂ)dw

—0o0

— /OO (—=2bv(Jul?)s — 2bu(Tw), — 2bu(ww),) dz = 0.

[e.o]

A similar calculation with Hs(u,v) gives

d * fa _ a _ b, 9 _ _
—Hs(u,v) = — Ut + —Upt Uy + COLVZ — =V v — bug|u|® — bvwg — bouay | dx
dt 2 2 2

+ / (—buuy — bugu — bvvy) dx

—00

= [ (= b= b~ s — 20(0), — 20m,) d

—0o0

+ / (—%ﬂm — buv — b)) ( — aUgze — 2b(uv), — Zbum> dx

—00

o b b
+ / (cvm + 51)2 + blu|? + bv) (cvags + 5(112)3; +b(Jul?), + bva;) dx

—00

—0o0

1 > b 2
=5 / (!aum + 2buw + 2bul? + (cvm + 51)2 + bluf® + bv> ) dzx = 0.

As the time derivatives of Hy, Hy, Ho and Hj are zero, they must be constant in time. This
concludes the proof. O

To verify the Hamiltonian structure, we calculate the Frechet derivatives of Hs(u,v).

0Hs 0H3 b 9 9
= \—QQUgy — 2 -2 s —CUgx — 3 - - )
( 50 S0 > (—au buv bu, —cv 50 blul bv)

The system (2.7) is rewritten as
b
(ug,vp) = <—aumm —2b(uv)y — 20Uy, —CUpy — 5(212)1, —b(Jul?), — b%) ,
so that (2.7) is Hamiltonian with Poisson structure J; and Hamiltonian H3(u,v), see (2.8).

The operator Jp is a well-known Poisson operator, as it is a vectorized version of that for the
KdV equation [1].
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