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Monochromatic sums and products in N

By JOEL MOREIRA

Abstract

An old question in Ramsey theory asks whether any finite coloring of the
natural numbers admits a monochromatic pair {z 4y, xy}. We answer this
question affirmatively in a strong sense by exhibiting a large new class of
nonlinear patterns that can be found in a single cell of any finite partition
of N. Our proof involves a correspondence principle that transfers the
problem into the language of topological dynamics. As a corollary of our
main theorem we obtain partition regularity for new types of equations,
such as 22 —y? = z and 2 + 2y — 327 = w.

1. Introduction

In this paper we show that for any finite coloring (i.e., partition) of N =
{1,2,...}, there exist =,y € Nsuch that the set {x, x4y, xy} is monochromatic.
In fact, we exhibit a rather large class of configurations with this property.

1.1. Historical background and motivation. A central topic in Ramsey the-
ory is to understand which patterns can be found in one color of any finite
coloring of the natural numbers. We start with a definition:

Definition 1.1. Let k,s € N, and let fi,..., fr : N° — Z. We say that
{f1,..., fx} is a Ramsey family if for any finite coloring N = C; U --- U C,,
there exist x € N®* and i € {1,...,7} such that {fl(x), .. .,fk(x)} c C;.

In this language, Schur’s theorem [31] states that the family {x,y,z +y}!
is Ramsey and van der Waerden’s theorem [35] states that for any k£ € N, the
family {z,z + y,...,z + (k — 1)y} is Ramsey. On the other hand, it is not
hard to show that the families {z,z+ 1} and {z,y, 3x —y} are not Ramsey. In
1933, Rado obtained a fundamental theorem describing necessary and sufficient
conditions for a family of linear functions to be Ramsey [29]. Inspired by Rado’s
result, we are led naturally to the following, by now classical, problem.

© 2017 Department of Mathematics, Princeton University.
n a slight abuse of notation, we represent by {z,y,x + y} the family comprised of the
three functions (z,y) — z, (z,y) — y and (z,y) — = + y.
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Problem 1.2. Describe necessary and sufficient conditions on the polyno-
mials fi,..., fx € Z[z1,...,xs] that guarantee that the family {fi,..., fx} is
Ramsey.

It follows from Schur’s theorem that the family {x, y, zy} is Ramsey. (Sim-
ply compose any given coloring x : N — {1,...,r} with the map n — 2" to
create a new coloring and apply Schur’s theorem.) Using the same idea, van
der Waerden’s theorem implies that for each k € N, the family {z, zy, ..., zy*}
is Ramsey, and Rado’s theorem implies that many more families of the form
{f1,..., fx}, where each f; is a monomial, are Ramsey.

Configurations that combine both addition and multiplication, however,
tend to be significantly harder to deal with: only in 1977 did Furstenberg and
Sarkozy prove, independently, that the family {z,z + y?} is monochromatic
(cf. [21, Th. 1.2] and [30]), obtaining the first example of a nonlinear Ramsey
family that does not consist only of monomials. Bergelson improved this result
by showing that in fact the family {z,y,x + y*} is Ramsey [7].

The next major advance towards Problem 1.2 was Bergelson and Leib-
man’s polynomial extension of van der Waerden’s theorem [4]; see Theorem 4.1
below. In particular, they showed that for any polynomials py,...,pr € Z[z]
without a constant term, the family {z,z + p1(y),...,z + pr(y)} is Ramsey.
The polynomial van der Waerden theorem has now been extended in several
directions (see, for instance, [10], [12], [6]), each revealing new examples of
polynomial Ramsey families.

In the last decade, many interesting polynomial Ramsey families were
found [2], [3], [9], [18], [28], however a complete solution to Problem 1.2 is still
very far from reach. In particular, the following simple question has remained
unanswered for many years:

Question 1.3 (see, for instance, [26, Question 3|, [8, Question 11]). Is the
family {z,y,x + y, zy} Ramsey?

This question was studied at least as early as 1979 by N. Hindman and
R. Graham (see [25, §4] and [22, pp. 68-69]), but even the family {z + y, zy}
remained recalcitrant until now. An affirmative answer to the analogue of
Question 1.3 in finite fields was recently obtained by Green and Sanders [23],
generalizing previous work by Shkredov [32] and Cilleruelo [16]; see also [34]
and [24] for related results.

Bergelson and the author studied the analogue of Question 1.3 for infinite
fields in [13], [14]. We showed, in particular, that the family {x,z + y, zy} is
Ramsey in any infinite field and that for any finite coloring of Q, there exist
(many) z € Q and y € N such that {z+y, zy} is monochromatic. The methods
of [13] and [14], however, cannot be directly used to establish that the family
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{z+y, zy} is Ramsey in N, the main problem being that the semigroup of affine
transformations of N (which naturally appears in the dynamical approach to
the problem) is not amenable.

1.2. Main results. The main result of this paper is the following:

THEOREM 1.4. Let s € N and, for each i = 1,...,s, let F; be a finite
set of functions N' — Z such that for all f € F; and any x1,...,7,_1 € N,
the function x — f(x1,...,2,-1,2) is polynomial with O constant term. Then
for any finite coloring of N, there exist a color C C N and (infinitely many)
(s + 1)-tuples xo, ..., xs € N such that

{moxs}u{xox]+f(xj+1,,xz)OSJ<Z§37f€E—j} c C.

In particular, taking s = 1 and F} = {z — 0,2 — z} consisting only of
the zero function and the identity function, we deduce

COROLLARY 1.5. For any finite coloring of N, there exist (infinitely many)
x,y € N such that {z,zy,x + y} is monochromatic.

As an illustration, setting s = 5 in Theorem 1.4 and letting each F; con-
sist only of the function f; : (z1,...,2;) — x1---x;, we obtain the following
(aesthetically pleasing) Ramsey family:

Ezample 1.6. The following family is Ramsey:

X
Yy, rT+y
Yz, T+ yz, Ty + 2
xyzt, T + yzt, Ty + zt, Tyz +1
ryztw, x4+ yztw, zy-+ztw, zyz+tw xyzt+w

Theorem 1.4 can also be used to obtain new partition regular equations:

COROLLARY 1.7. Let k € N and c1,...,cx € Z )\ {0} be such that c1 +
-+ 4+ ¢ = 0. Then for any finite coloring of N, there exist pairwise distinct
ag, - - -,ar € N, all of the same color, such that

cla% +---+ ckai = ag.
In particular, setting k = 2 and ¢; = 1, ¢ = —1, we deduce
COROLLARY 1.8. For any finite coloring of N, there exists a solution a, b, ¢
of the equation a®> — b> = ¢ with all a,b and ¢ of the same color.

Note that the similar equation a? — b = ¢ is not partition regular (cf. [17,
Th. 3]). Corollary 1.7 is proved in Section 6.

Our proof of Theorem 1.4 proceeds by first transferring the problem to
the language of topological dynamics using a correspondence principle (Theo-
rem 3.2) and then solving the dynamical problem using ideas developed in [13]
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together with a “complexity reduction” method inspired by [4]. The correspon-
dence principle is of independent interest because it allows one to formulate in
dynamical terms the question of whether general polynomial families are Ram-
sey; we postpone the precise statement to Section 3 because it uses notation
and terminology from Section 2.1.

The proof of Theorem 1.4 can be made elementary; to illustrate this, we
present in Section 5 a short and purely combinatorial proof of Corollary 1.5,
which is independent from the rest of the paper. This combinatorial version of
the proof is shorter but less transparent, avoiding the correspondence principle
but consequentially obscuring the theorem’s dynamical underpinnings.

The paper is organized as follows: In Section 2 we introduce some notation
and establish some conventions to be used in the paper. In Section 3 we state
and prove the correspondence principle, thereby reducing Theorem 1.4 to a
statement in topological dynamics, Theorem 3.1, which is proved in Section 4.
In Section 5 we present a more direct and combinatorial rendering of our
dynamical proof of Corollary 1.5. In Section 6 we explore some combinatorial
corollaries of our main result. Finally, Section 7 is devoted to an extension of
our results to a general class of rings.

Acknowledgements. The author thanks Marc Carnovale, Daniel Glass-
cock, Andreas Koutsogiannis and Pedro Vieira for helpful comments on an
earlier version of the paper. Thanks are also due to Donald Robertson and
Florian Richter for insightful discussions that planted the seed for some of the
main ideas in this paper. Special thanks go to Vitaly Bergelson for all of the
above and for his constant support and encouragement.

2. Definitions, notation and conventions

2.1. The affine semigroup. We denote by Ay the semigroup consisting of
all the maps = — ax + b from Z to itself, where a € N and b € Z, and with
composition of functions as the semigroup operation. For a given u € Z, the
map = — x + u is denoted by A, and, if v > 0, the map =z — ux is denoted
by M,. The distributivity law can be written as

(1) YueN, veZ, M A, = Ay M,,.

Given an action (Ty) of Ay on a set X (meaning that for each g € Ay,

geAy
there is a map T, : X — X and for any g,h € Ay, we have the composition
law Ty o T}y, = Typ,) and u € Z, we will frequently denote, abusing notation
slightly, the map T4, simply by A4, and, if u > 0, the map Ty, by M,,.

Given a semigroup G, a G-topological system is a pair (X, (Ty)g4cq) where
X is a compact Hausdorff space (not necessarily metrizable) and (Tj)4ecq is an
action by continuous functions Ty : X — X. A system (X, (Ty)geq) is minimal
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if X contains no proper nonempty closed invariant subsets. A point x € X is
a minimal point if its orbit closure Y := {Tyx : g € G} is a minimal subsystem
of X (i.e., if (Y, (Ty|y)gec) is a minimal system).

Observe that any Ay-topological system (X, (T) ge AN7) naturally induces
a (Z,+)-topological system (X, (Sy)uez), by letting Sy, :=T4,. A point z € X
is called additively minimal if it is a minimal point for the system (X, (Sy)uez)-

2.2. Piecewise syndetic sets. Given sets F, H C N and a number n € N,
we use the following notation:
nkE :={nm:m € E},
n+E:={n+m:meE}
E—-n={m-n-meEm>n}={xeN:zx+neckFE}
E+H:={m+n:mecEnecH}
E—-H:={m—-n:-mecEncHm>n}=Upeyg E —n.

A subset S C N is called syndetic if it has bounded gaps. More precisely,
S is syndetic if there exists a finite set /' C N such that N = 5 — F. A set
T C N is called thick if it contains arbitrarily long intervals or, equivalently,
if it has nonempty intersection with every syndetic set. A set £ C N is called
piecewise syndetic if it is the intersection of a syndetic set and a thick set.

If F is a piecewise syndetic set and £ C H, then H is also a piecewise
syndetic set. Observe that for any piecewise syndetic set £ C N and any n € N,
the sets nE, n + E and E — n are all piecewise syndetic. Furthermore, if any
of nE, n+ FE or E —n are piecewise syndetic, then so is E. Therefore we have

PROPOSITION 2.1. Let E C N and g € Ay. The set E is piecewise
syndetic if and only if its image g(E) also is.

We will also make use of the following well-known property of piecewise
syndetic sets:

PROPOSITION 2.2 (see, for instance, [19, Th. 1.24]). Let E C N be a
piecewise syndetic set. Then for any finite partition of E = E1U---UE,, one
of the pieces Ey is piecewise syndetic.

3. An affine topological correspondence principle

In this section we reduce Theorem 1.4 to the following statement in topo-
logical dynamics:

THEOREM 3.1. Let (X, (Tg)geAN*) be an Ay-topological system with a
dense set of additively minimal points, and assume that each map T, : X — X
1s open and injective. Let s € N and, for each i = 1,...,s, let F; be a finite
set of functions N* — Z such that for all f € F; and any x1,...,7,_1 € N,
the function x — f(x1,...,2,-1,x) is polynomial with O constant term. Then
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for any open cover U of X, there exists an open set U € U in that cover and
infinitely many s-tuples x1,...,xs € N such that

un m ﬂ Tj+1Ts f(:c3+1, T U#Q

0<j<i<s feF;_;
The proof of Theorem 3.1 is presented in Section 4.

3.1. Reducing Theorem 1.4 to Theorem 3.1. The elegant idea of using
topological dynamics to find Ramsey families on N was developed by Fursten-
berg and Weiss in [20]. They considered each coloring x : N — {1,...,r}
as a point in the symbolic system ({1,...,7},T) (where T is the left shift)
and observed that it is possible to reformulate van der Waerden’s theorem
(among many others) as a multiple recurrence result on minimal subsystems
of ({1,...,r},T). By proving the resulting multiple recurrence theorem ([20,
Th. 1.5]), they obtained a new proof of van der Waerden’s theorem (and indeed
of its multidimensional version, due originally to Tibor Griinwald). This corre-
spondence is now a standard technique; for instance, it was used by Bergelson
and Leibman in their proof of the polynomial van der Waerden’s theorem [4,
Cor. 1.11] (see Theorem 4.2).

Unfortunately, the same procedure does not allow one to deduce Theo-
rem 1.4 from Theorem 3.1. This is essentially because the configurations in
Theorem 1.4 are not invariant under shifts (additive or multiplicative): if P is
a set of the form {zy,x+y} and ¢ € N, then in general neither P+c nor Pc is of
the same form. By contrast, observe that arithmetic progressions are invariant
under both addition and multiplication, in the sense that for any arithmetic
progression P and any ¢ € N, both P + ¢ and Pc are arithmetic progressions
of the same length.

Nevertheless we obtained the following correspondence principle:

THEOREM 3.2. There exists an Ay-topological system (X, (Tg)geAg) with
a dense set of additively minimal points, such that each map T4 : X — X
1s open and injective, and with the property that for any finite coloring N =
CiU---UC,, there exists an open cover X = Uy U---UU, such that for any
91,9k € Ay and t € {1,...,7},

k k
(2) ﬂ 0 (Ur) # = NN u(C) # 2.
(=1 /=1

Remark 3.3. Tt follows from the proof of Theorem 3.2 that the system
(X, (T, g)g c Alg) also has the property that for any piecewise syndetic set Cy C N,

there exists a nonempty open set U; C X such that (2) holds for any g1,..., g
€ Ay-
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Remark 3.4. It follows from the proof of Theorem 3.2 that the intersection
NN ﬂ;‘-‘:l 9j(Cy) (both in the theorem and in Remark 3.3) is not only nonempty
but is in fact piecewise syndetic.

We can now derive Theorem 1.4 from its topological counterpart Theo-
rem 3.1 and the correspondence principle Theorem 3.2.

Proof of Theorem 1.4. Let s € N and, for each ¢ = 1,...,s, let F; be a
finite set of functions N’ — Z such that for all f € F; and any z1,...,2;_1 € N,
the function = — f(z1,...,2—1,2) is polynomial with 0 constant term. Let
N = CyU---UC, be a finite coloring of N. We need to show that there
exists a color Cy and (infinitely many) s + 1-tuples zg,...,zs € N such that
xo---xs € Cp and, for every 0 < j <i < s and f € F;_;, we have x1---2; +
f(:z:jH, - ,SUZ') e C4.

We append to Fj the zero function f : N® — {0} if necessary. Invoking
Theorem 3.2 and then Theorem 3.1, we find a color Cy and (infinitely many)
s-tuples x1,...,zs € N such that the intersection

(3) NNCn () () MujrwaAf(ay a0 Ce

0<j<i<s feF;_;

is nonempty. Take z in the intersection (3), and observe that x € 1 ---zsCy
(letting j = 0, i = s and f = 0). Therefore z¢ := z/(x1---z5) € Cy (and, in
particular, is an integer).

Finally, for 0 < j <i < s and f € F;_;, we have

T E Tjt1 "':Es(Ct - f(l‘j+1,---,93i)>7

SO

xo-'-xj+f(xj+1,...,xl-) :x/(xj+1---:cs)+f(xj+1,...,xl-) e (. O

3.2. Proof of the correspondence principle. The remainder of this section
is dedicated to the proof of Theorem 3.2. The construction of X is quite
explicit as a subset of the Stone-Cech compactification of N, realized as the
space of ultrafilters on N. In this setting, the action of Ay on X is natural.
The idea of using the Stone-Cech compactification to prove the correspondence
principle was inspired by its implicit use in [1] (in the setting of measurable
dynamics). We start by summarizing some facts about ultrafilters that we will
use, referring the reader to [8, §3] for a short and friendly introduction on the
subject and to [27] for a complete treatment. We will only make use of the
facts and definitions about ultrafilters in this section.

An wltrafilter on N is a nonempty family p of subsets of N that is closed
under intersections and supersets, and that satisfies the property £ € p <—
(N\ E) ¢ p. For each z € N, the family p, = {F C N: z € E} is an ultrafilter;
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ultrafilters of this form are called principle. The existence of nonprinciple
ultrafilters requires (at least some weak form of) the axiom of choice.

Denote by BN the set of all ultrafilters over N. The sets of the form
E:={pepBN:E € p} with E C N form a base for a topology on BN. With
this topology SN becomes a compact Hausdorff space (cf. [27, Th. 2.18]) and
can be identified with the Stone-Cech compactification of N (cf. [27, Th. 3.27]),
where N is embedded densely inside SN by identifying each z € N with the
corresponding principal ultrafilter p,.

There is a natural action (7, 9>ge A of Ay on the set SN\ N of nonprinciple

ultrafilters, described as follows. For g € Ay, the map T, : SN\ N — N\ N
takes p € BN\ N to

(4) Tg(p)::{ECN:g_l(E)Gp}:{ECN:{xEN:g(l‘)EE}Ep}.

Remark 3.5. An equivalent way to define Ty is to start with a map T} :
BN — BZ, defined on principal ultrafilters via the formula Ty (p;) = py(») and
then extend it to SN using the universal property of the Stone-Cech compacti-
fication. One can then check that for a nonprinciple ultrafilter p € SN\ N, the
image T,(p) is in fact in SN \ N and corresponds to the ultrafilter described
in (4). We will not make use of this fact.

LEMMA 3.6. For each g € Ay, the map Ty : BN\N — BN\N is continuous,
open and injective. Moreover, for g,h € Ay, one has Ty o T}, = Tgy,.

Proof. One can easily check (using only the definitions) that T,(p) is in-
deed a nonprinciple ultrafilter and that T, o T}, = T,j,. To show that T} is
continuous, take an open set & C AN for £ C N infinite; we need to show that
T, (E) is open. We have

peT,N(E) < EcTyp) < g '(F)€p.

Therefore Tg_l(E) = g~ !(FE) is open and Ty is continuous.

To show that T, is injective, let p # ¢ be in SN\ N and let E € p\ ¢.
Since g : N — Z is injective, we have that ¢g=!(g(E)NN) is a subset of E; since
E ¢ g, it follows that also g7 '(g(E) NN) ¢ ¢ and hence g(E) NN ¢ Ty(q).
On the other hand, g(E) NN is a co-finite subset of g(E), which implies that
g 1(g(E) N N) is a co-finite subset of E. Since p is nonprincipal, it cannot
contain finite sets, therefore g71(g(E) NN) € p and hence g(E) NN € T,(p).
This shows that T,(p) # T,(q), proving injectivity.

Finally we show that Ty is open. Let I C N be infinite; we will show
that T,(E \ N) = g(B) NN\ N, which will imply that T, : BN\ N — AN\ N
is indeed open. As in the proof of injectivity, if p € E is nonprincipal, then
g(E) NN € T,(p), proving one of the inclusions. Conversely, if p € SN\ N is
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such that g(E) NN € T,(p), then g1 (g(E) NN) € p and hence E € p, proving
the other inclusion and finishing the proof. (]

Lemma 3.6 implies that (7). 4~ is an action on SN\ N and therefore
N

(ﬁN \N, (Tg)geAg,) is an Ay-topological dynamical system. We are now ready
to prove Theorem 3.2.

Proof of Theorem 3.2. Let Y C SN\N be the set of all additively minimal
points in (ﬁN\N, (Tg)geAg ), and let X := Y be its closure. It is usual to denote

Y = K(pN,+). We will show that for each g € Ay, Ty maps X into X.

It follows from [27, Cor. 4.41] that an ultrafilter p € AN is in X =
K(BN,+) if and only if every member E € p is piecewise syndetic. Take
p € X and g € Ay; we claim that Ty(p) € X. Using the definition, it suffices
to show that if g7!(E) is piecewise syndetic, then so is E. It follows from
Proposition 2.1 that if g1 (E) is piecewise syndetic, then so is g(¢~(E)), and
since g(¢9~!(E)) C E we conclude that E is also piecewise syndetic. This shows
that each g € Ay induces a natural continuous map 7, : X — X. Moreover, a
similar argument shows that if p € SN\N and g € Ay are such that T (p) € X,
then p € X; therefore T}, : X — X is also open.

So far we constructed a compact Hausdorff space X together with an ac-
tion (Ty) AT of Ay on X by continuous injective open maps with a dense
set of additively minimal points. To finish the proof, consider a coloring
N=CU---UC,and let U, :== {p € X : C; € p} = C; N X for each
t € {1,...,r}. Then each Uy is a (possibly empty) open subset of X and each
p € X belongs to some U;. Now let g1,...,gr € Ay and t € {1,...,r} be
such that ﬂi?:l Ty,(Us) # @. Then, since the maps Ty, : X — X are open, it
follows that ﬂ]gzl Ty,(Uy) is a nonempty open subset of X. Take any p in this
intersection; we claim that g,(Cy) "N € p for any ¢ € {1,...,k}.

Indeed, for each £ € {1,...,k}, there exists p, € U; C C} such that p =
Ty, (pe). Since g; ' (ge(Cy) NN) is a co-finite subset of Cy and py is nonprincipal,
it follows that g, ' (g¢(Cy) NN) € py and hence indeed g,(C;) NN € p, as desired.
Finally, it follows that the finite intersection N N (N5_; go(Cy) is also in p and
hence is nonempty. O

4. Proof of Theorem 3.1

4.1. A version of the polynomial van der Waerden theorem. We will make
use of the polynomial van der Waerden theorem of Bergelson and Leibman:

THEOREM 4.1 (cf. [4, Cor. 1.11]). Let F C Z[z] be a finite set of polyno-
mials such that p(0) = 0 for allp € F. Then for any finite coloring of N, there
exist x,y € N such that the set {z + p(y) : p € F'} is monochromatic.
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As mentioned in the previous section, the proof of Theorem 4.1 in [4] is de-
rived from a topological statement. While this topological statement (namely,
[4, Th. C]) is only proved for metrizable spaces, it is remarked in [4, Prop. 1.10]
that the result holds in the nonmetrizable setting, either by running a similar
proof or by applying the combinatorial version of polynomial van der Waerden
directly. We use the second approach to derive the following corollary, which
is a dynamical version of Theorem 4.1 in the form we will use.

COROLLARY 4.2. Let (X, (Tg)geAN_I
tem, and assume that X contains a dense set of additively minimal points.
Let F C Qx| be a finite set such that p(0) = 0 for all p € F. Then for any
nonempty open set U C X, there exists n € N such that p(n) € Z for each
p € F and

) be an Ay -topological dynamical sys-

peF

Proof. Let y € U be an additively minimal point. Let Y = {A,y : n € Z}
be its additive orbit closure. Since (Y, (An)n€Z> is a minimal topological sys-
tem, the union J,, A,U covers Y, and by compactness there exists r € N for
which the finite union (J;,_; A,U covers Y. We define a coloring x : N —
{1,...,7} of N by letting x(n) be such that A,y € A,,,)U.

Let m € N be a common multiple of the denominators of the coefficients
of every p € F. For each polynomial p € F, let p : n — —p(mn) and observe
that p € Z[z] and p(0) = 0. We invoke Theorem 4.1 with F = {p : p € F}
to find some ¢t € {1,...,r} and x,z € N such that X(w —l—ﬁ(z)) =t for every
p € F. In other words, A, -y € AU for all p € F and hence, letting
n = mz, we deduce that A,y € A,y for every p € F'. We conclude that

Aa:—ty € ﬂ Ap(n) Uu
pEF

proving the intersection to be nonempty. O

4.2. Outline of the proof. There are two main ingredients in the proof of
Theorem 3.1. One is a “complexity reduction” technique similar to the one
used by Bergelson and Leibman in [4] to prove the polynomial van der Waer-
den theorem (and also used in [15, Lemma 8.5]). The other main ingredient is
a fact about the algebraic behavior of the expression g : n +— M, A, € Ay
discovered (and explored) in [13], namely, that the “multiplicative derivative”
n +— g(nm)g(n)~! becomes a purely additive expression whenever f is a poly-
nomial.

Before we delve into the full details of the proof of Theorem 3.1 in the
next subsection, we explain the main steps of the proof in the special case when
s = 1 and F7 is a singleton consisting only of the map x — —z. In other words,
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we will show that for any finite cover of a nice Ay-topological system X, there
is a set U in the cover and some y € N such that U N MyA_,U # @. (After
applying the correspondence principle, this special case corresponds essentially
to Corollary 1.5.)

The idea is to construct a sequence (B,) of nonempty open sets of X,
each contained inside some member U, of the open cover, such that

(5) Vn<m, Jy=yn,m)eN, MyA_yB, O Bp,.

Assuming we construct such sequence, since the open cover is finite, we can
find n < m for which both B,, and B,,, are contained inside the same member U
of the open cover; it then follows from (5) that U N M,A_,U # @, finishing
the proof.

The construction of the sequence (B,) is natural and is illustrated by
Figure 1: starting with an arbitrary nonempty open set By, we find some 3
such that By N A_,, By # @ (such y; exists since By contains some additively
minimal points), and then we “push” that intersection by M, to create B :=
My, (Bo N A_y, By). In particular, (5) holds for n = 0,m =1 with y = y;.

For the next step, we start similarly: assume yo € N is such that B; N
A_y,B1 # @. Aslong as we take By C M,,(B1NA_y,B1), we will indeed have
By C My,A_,,B; (and hence (5) holds for n = 1 and m = 2). Next we need
to force By to satisfy (5) for n = 0 and m = 2. Since we know how to control
the “multiplicative derivative” of the expression M,A_,, we seek to obtain (5)
with y(0,2) = y1y2; in other words, we want By C My, 4, A_y 4, Bo. Putting
both conditions together, we are left to find y» € N so that

My, (By N Ay, B1) N My,y, A_y,y, Bo # @.

Applying My’z1 it suffices to make By N A_,,B1 N My A_y 4, By # @. Using
the distributivity law (1), we have that My, A_y,y, = A_2, My, and since
My, By D My, we see that it is sufficient to find y € N such that

BN A_y231 N A—y%ygBl #+ 0.

The existence of such a yo is a consequence of Theorem 4.2, so setting
By = My2(31 N A_y231 N A_y%m
and ys satisfying (5) whenever n < 2.

Proceeding in this fashion we can construct the sequence B,,, each time
invoking Theorem 4.2 to choose ¥, € N so that

Bj1) we have successfully constructed Bs

B, = Myn (Bn,1 N A,yan,1 N A*yifl B, 1N---N A*y%'“yi,lyanfl)

Yn

is nonempty. One can see, using the distributivity law (1), that (5) indeed holds
with y(n,m) = yp41- - ym. For instance, to see why My,yuy, A—yoysya B1 O Bu,



1080 JOEL MOREIRA

—yiyiys

Figure 1. Construction of the sequence (B,,)

observe that

My2y3y4A—y2y3y4Bl = My4A MyaMy2B1 - My4A B3 C Ba.

—y3y2ys —y2y3ya

4.3. Proof of Theorem 3.1. Let (X, (Tg)geAN‘) be an Ay-topological sys-
tem with a dense set of additively minimal points, and assume that each map

T, : X — X is open and injective. Let s € N and, for each 7 = 1,...,s,
let F; be a finite set of functions N* — Z such that for all f € F; and any
Z1,...,2i—1 € N, the function z — f(z1,...,z;_1,2) is polynomial with 0 con-

stant term. Let U be an open cover of X. We need to find U € U and infinitely
many s-tuples x1,...,2xs € N such that

(6) un () [ Meea.AsaanU # 9.
0§j<i§8f€Fi,j

Since X is compact, we can find a finite subcover Uy, ..., U, of U with each
Uy ?é .
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We will construct, inductively, four sequences:
o (tn)n>oin{l,...,7};
® (Yn)n>1 in N increasing;
e (By)n>0 of nonempty open subsets of X;
e (Dy)p>1 of nonempty open subsets of X,
such that B, C U,. (The set D, corresponds to the smaller circle inside
B,,—1 in Figure 1.) It will be convenient to denote by y(m,n) € N the product
y(m,n) ‘= Ym+1Ym+2 - - Yn for any 0 < m < n, with the convention that the
(empty) product y(n,n) equals 1.

Initiate tg = 1 and By = Uy. Using Theorem 4.2 we find y; € N such that

Dy :=BynN n Af(yl)BO #+ o.
fer
Since Uy, ..., U, forms an open cover of X and M, : X — X is an open map,
we can find ¢y € {1,...,7} such that By := M,, DiNUy, is open and nonempty.
Next we invoke Theorem 4.2 again to find yo € N such that

Dy := BN ( ﬂ Af(yz)Bl mAylf(ylyQ)B1> N < ﬂ Aylf(y17y2)31> 7 9.

femn fEF>

We then choose ty € {1,...,r} such that By := My, Dy N Uy, # @. The third
step of the iteration becomes a little more complicated. Using Theorem 4.2
one more time we find y3 € N such that

D3 := Bs N < m Af(ys) B2 N Ay, f(yays) B2 N Aylny(y1y2y3)>
fem

A ( ﬂ Ay2f(y2,y3)B2 N Ay1y2f(y1y27y3)B2 N Ay1y2f(y1,y2y3)32>
feF

n ﬂ Ay1y2f(y17y2,y3)B2 7 9.
feF3
We then choose t3 € {1,...,r} such that Bs := M,,Ds N Uy, # @.
In general, for n > 2, assume that (tm)%;lo, (ym)g;ll, (Bm)z;lo and

(D)™~} have been constructed. For each i € {1,...,s} and each f € F},
we define the collection G, (f) of all functions g : Z — Z of the form

gz y(my,n —1)f(y(mi,ma), y(ma,ms), ..., y(mi,n —1)-z)

for any choice 0 < mj < mg < --- < m; < n. If i > n, then we set G,,(f) to be
empty. Observe that each g € G,,(f) is a polynomial with rational coefficients
satisfying ¢(0) = 0.
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Invoking Theorem 4.2, we can find y,, € N satisfying

(7) D, :=B,_1N m ﬂ ﬂ Ag(yn)Bn—l #+ O.
i=1 fEF; geGn(f)

Let t, € {1,...,r} be such that the intersection B, := M,, D, NU;, # @.
(Observe that B, is open because M,, is an open map.) This finishes the
construction of y,, t,, D, By. It is immediate from the construction that
B, C Uy, for every n > 0. Moreover, B,, C My, D, C My, B,,_1. Iterating this
observation we obtain

(8) vm < n, B, C My(m,n)Bm‘

Since the sequence (ty)n>0 takes only finitely many values, there exists
t € {1,...,r} and infinitely many tuples of natural numbers ng < .-+ < ng
such that ¢,, = t. For each i € {1,...,s}, let ; = y(ni—1,n;). We claim that
(6) is satisfied with U = U; and with this choice of x;. We will show that the
intersection in (6) is nonempty by proving that it contains By,. Since By, C Uy
for every j € {0,...,s}, it suffices to show that

(9) V0<j<i<s, Vfe Fi_j, B, C ij+1"'xSAf(xj+17~--,mi)an'

Now fix 0 < j <i < sand f € F;_;. Observe that there exists some g € Gy, (f)
such that f(z;q1,...,2:) = 9(yn,)/y(nj,n; — 1). Using (8), we conclude

an C My(ni,ns)Bni - My(m,ns)Myni D”i

using (7) C My(n,—1,n,) (Ag(yni)Bni—l)
using (8) C My(n;—1n.) Ag(yn,) My(njni—1) Bn;
( y(

using (1) =M, nifl,ns)My(njynrl)Ag(yni)/y(nj,nrl)B"J
=M.

93]’+1"'ﬂfsAf(ijrhu-@i)B"j‘

This proves (9) and finishes the proof of Theorem 3.1.

5. An elementary proof that the family {z,z + y,zy} is Ramsey

In this section we present an elementary rendering of the above proof of
Theorem 1.4. To keep things shorter and more elegant, we prove only Corol-
lary 1.5; the proof in this section can be adapted to obtain the full strength
of Theorem 1.4. We remark that, while this proof is short and essentially self
contained, it is, in essence, a combinatorial rephrasing of the dynamical proof.

We will use the following version of van der Waerden’s theorem; this ver-
sion is a particular case of [11, Th. 4.5].
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THEOREM 5.1. Let E C N be piecewise syndetic, and let F' C N be finite.
Then there exist infinitely many n € N such that the intersection
EN () (E—mn)
meF

1§ piecewise syndetic.

Proof of Corollary 1.5. Let r € Nand let N = C1U---UC, be an arbitrary
coloring (or partition) of N. We need to find ¢t € {1,...,r} and (infinitely
many) z,y € N satisfying
(10) {:L',{L‘ + y,ﬂcy} C Cy.

We will construct inductively four sequences:

e an increasing sequence (y;);>1 of natural numbers;

e two sequences (B;);>0 and (D;);>1 of piecewise syndetic subsets of N;
e a sequence (t;);>0 of colors in {1,...,r}

such that B; C Cy, for every ¢ > 0.

Initiate by choosing ¢ty € {1,...,7} such that C, is piecewise syndetic,
and let By := C%,. Assume now that ¢ > 1 and that we have already defined
(tj);;%), (yj)é-;ll, (Bj)é;lo and (Dj);';ﬁ. We apply Theorem 5.1 to find y; € N,
1; > yi—1 such that

%
(11) D;,:=B;,_ 1N ﬂ (Bi—l - yJQ T yf_lyi)
j=1

is piecewise syndetic (with the convention that for ¢ = j, the (empty) product
yjz- ---y2 | equals 1). Observe that y; D; is also piecewise syndetic, and therefore
Proposition 2.2 provides some t; € {1,...,7} such that B; := y;D; N Cy, is
piecewise syndetic. This finishes the construction of the sequences.

Note that B; C y;D; C y;B;_1; iterating this fact we obtain
(12) VO<g<i, B; C yj+1yj+2- - viBy.
Since the sequence (t;) takes only finitely many values, there exist (infinitely
many) j < ¢ such that t; =t;. Let & € B;, let y := y;41- -y, and let z := & /y.
We claim that {x,z+y,xy} C Cy,, which will complete the proof. Indeed zy =
T € B; C Cy; and from (12) we have zy € B; C yBj so x € B; C Cy; = Cy,.
Finally we have

y(x+y)=i+y’ € Bi+y’ CyDi+y
using (11) C yi(Bi,l — y?H e yf_lyi> + ¢
using (12)  Cwi(yjur - 91 By — Yhur - viawi) + 7
=yBj -y’ +y* CyB;,
which implies that © +y € B; C Cy; = Cy,. O

K3



1084 JOEL MOREIRA

Remark 5.2. As an alternative approach, one could replace piecewise syn-
detic sets with sets having positive upper density and replace van der Waer-
den’s theorem with (a suitable form of) Szemerédi’s theorem in arithmetic
progressions [33].

6. Ramsey theoretic applications

In this section we derive some corollaries of our main result, Theorem 1.4,
by specifying values of s and sets of functions F; of interest. For convenience,
we recall the formulation of Theorem 1.4.

THEOREM 1.4. Let s € N and, for each i = 1,...,s, let F; be a finite
set of functions N* — Z such that for all f € F; and any x1,...,7,_1 € N,
the function x — f(x1,...,2,-1,x) is polynomial with O constant term. Then
for any finite coloring of N, there exist a color C C N and (infinitely many)
(s + 1)-tuples xq,...,xs € N such that

{xo--'.%'s}U{xo-"l’j+f($j+1,...,xi) 0< <1< S,fEFi_j} c C.
By specifying s = 1 we obtain the following result:

COROLLARY 6.1. Let k € N and let fi,..., fr € Z[z| satisfy fo(0) =0 for
each £. Then for any finite coloring of N, there exist x,y € N such that the set

{wy,x—I—ﬁ(y),'-- 7$+fk(y)}

18 monochromatic.

Observe that by putting fi(y) = 0, the monochromatic configuration in
the previous corollary contains .

In a different direction, letting s be arbitrary but requiring each F; to
consist of only the zero function and the function f;(z1,...,2;) = x1-- -z, we
deduce

COROLLARY 6.2. For any s € N and any finite coloring of N, there exist
xo,...,Ts € N such that the set

J J i
{ng:()gjgs}u{nmg—i—ng:0§j<i§s}
£=0

(=0 r=j+1
18 monochromatic.

Observe that we do not require that each function f € F; in Theorem 1.4
be a polynomial in all its variables (but only in the last variable). In particular,
we obtain the following examples:

Ezample 6.3. The following are Ramsey families:

(1) {IL’,I' + Y, xY,TrYyz,T + Z,T + Zy};
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(2) {z,zy,zyz,x + f(y)z} for any function f: N — Z;
(3) {z, 2y, xyz, xyzt, o+ 29, x+17, 2+ f(y)t9*)} for any functions f,g : N — N.

Finally, we prove Corollary 1.7 from the introduction.

COROLLARY 1.7. Let k € N and c1,...,cx € Z\ {0} be such that c1 +
-+ 4+ ¢ = 0. Then for any finite coloring of N, there exist pairwise distinct
ag, - - -,ar € N, all of the same color, such that

(13) c1a? + -+ cpai = ao.

Proof. Consider the quadratic polynomials

k k—1
p(t) = L+ 06)%  q(t) = coll+0t)% + (1 + 2kt).
=1 =1

Both have rational coefficients and a root at ¢ = 0. On the other hand, the
derivatives

k k—1
Pt)=2> leg(L+10t), ¢ (t) =2 Leg(l+0t) + dkey(1 + 2kt)
=1 =1

cannot both vanish at ¢ = 0. Therefore at least one of these polynomials
must have a second root at some ¢t € Q \ {0}. Assume p has a second root.
(An analogous argument works in the alternative case.) Letting d be the
denominator of ¢t and uy = d(14¢t) for each ¢ = 1,..., k, we now have pairwise
distinct uq,...,ux € Z such that cju? +--- + ckuz = 0. We can also assume
that ciu1 + - - - + cpug, # 0 by changing some nonzero uy into —uy if necessary.

Let b =2(ciuy + - -+ cpug). Let x : N — {1,...,r} be an arbitrary finite
coloring of N, and define a new coloring x of N in » + b — 1 colors by

_ x (%) if n is divisible by b,
X(n) = ,
r+ (nmod b) otherwise,

where n mod b € {0,1,...,b — 1} is the remainder of the division of n by b.
Next apply Corollary 6.1 to find x,y € N such that the set {x,zy,z + y,x +
U1y, ..., + upy} is monochromatic with respect to x.

Observe that, in view of the construction of the coloring ¥, all the numbers
x, xy, x + 1y share the same congruence class modulo b, which implies that both

z and y are divisible by b. We deduce that the set {%y, ”3+;‘”’, e HT“W}
consists of integers and is monochromatic with respect to x. Letting ag = 3¢
and a; = L;;“’y for £ =1,...,k, we have the desired relation (13). O

7. Extensions to LID

In this paper so far we have restricted our attention to configurations
inside N, but it makes sense to consider analogous questions in a more general
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setup. It turns out that our arguments apply without much additional effort
to a natural class of rings studied in [14], namely the class of LID’s:

Definition 7.1. An integral domain R is called a large ideal domain (LID)
if every nontrivial ideal of R has finite index in R.

Examples of LID’s include all fields, the ring Z (and more generally the
ring of integers of any number field), and the ring F[z| of polynomials over a
finite field. Observe that N, not being a ring, is not strictly speaking an LID.
In fact, one can define LID semirings (a class that would include N) but we
will not pursue this possibility here.

Given an LID R, we denote by Ag its affine semigroup, defined by Ag :=
{z+— ax+b:a,be R,a+#0}. The semigroup Apg is a group if and only if R
is a field.

The following version of the affine topological correspondence principle for
LID can be proved in the same way as Theorem 3.2.

THEOREM 7.2. Let R be an LID, and let Agr denote the semigroup of
all affine transformations of R. Then there exists an Ag-topological system
(X, (Ty)genr) with a dense set of additively minimal points, such that each
map T, : X — X is open and injective, and with the property that for any
finite coloring R = C1 U---UC,, there exists an open cover X = Uy U---UU,
such that for any g1,...,9x € Ar and t € {1,... 1},

k k
(14) () Ty (Ur) # @ — () 9¢(Cy) # 2.
/=1 /=1

The only nontrivial step in generalizing Theorem 3.2 to this setting is the
following extension of Proposition 2.1, which crucially relies on the the fact
that R is an LID:

Definition 7.3. Let (R,+) be an abelian group.
e A set S C R is called syndetic if there exists a finite set F' C R such that
R=S-F.
e A set T C R is called thick if for any finite set F' C R, there exists © € R
such that z + F C T.
e A set B C R is called piecewise syndetic if B = S N'T for a syndetic set
S C R and a thick set T C R.

LEMMA 7.4. Let R be an LID, and let B C (R,+) be piecewise syndetic.
Then for any a € R\ {0}, the dilation aB is also piecewise syndetic.

Proof. Let S and T be such that B = SN 7T and S is syndetic and T is
thick. Let 7" = aT U (R \ aR), and let S’ = aS. Then clearly aB =T' N S".
We now claim that 7" is thick and S’ is syndetic, which will finish the proof.
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Let F' C R be a finite set such that S— F = R. Then S’ —aF = aR. Since
R is an LID, the ideal aR has finite index in R. Let F be a (finite) set of co-set
representatives. Then aR — F = R and hence S’ — (aF 4+ F) = R. Taking
F' :=aF + F we deduce that S’ — F/ = R and S’ is syndetic, as desired.

Next we show that 7" is thick. Let F' C R be an arbitrary finite set; we
will find z € R such that z+F C T'. Split F' = F}UFy, where F} = FNaR and
F, = F\ Fy. If F is disjoint from aR, then it is already contained in 7”. Let
F' = Fy/a and let 2’ € R be such that 2’ + F’ C T. Then, taking z = az’ we
have 2+ F = a(a’ + F')Uaa’ + F,. Since 2/ + F' C T, the first term a(a’ + F’)
is inside a7 C T". Since F; is disjoint from aR, also az’ + F5 is disjoint from
aR and hence contained in 7”. Therefore x + F C T, as desired. O

Observe that Lemma 7.4 does not hold in general rings, not even in every
principal ideal domain. An example is provided by the PID Q[z] of all poly-
nomials with rational coefficients: while Q] is itself a piecewise syndetic set,
the ideal Qx| has infinite index as an additive subgroup and hence cannot
be piecewise syndetic.

One can then obtain a dynamical recurrence result analogous to Theo-
rem 3.1 which, together with Theorem 7.2, implies the following combinatorial
corollary:

THEOREM 7.5. Let R be an LID, let s € N and, for each i = 1,...,s,
let F; be a finite set of functions R — R such that for all f € F; and any
Z1,...,Ti—1 € R, the function © — f(x1,...,zi—1,2) is polynomial with 0O
constant term. Then for any finite coloring of R, there exists a color C C R
and (infinitely many) (s + 1)-tuples xg, ..., xs € R such that

{1:0---$8}U{x0~--:pj+f(:vj+1,...,1:i):O§j<i§s,f€Fi7j}CC'.

The only new ingredient needed to run the proof of Theorem 3.1 in the
LID setting is a suitable version of the polynomial van der Waerden theorem:;
such a version follows from [5, Prop. 7.5].

References

[1] M. BEIGLBOCK, An ultrafilter approach to Jin’s theorem, Israel J. Math.
185 (2011), 369-374. MR 2837141. Zbl 1300.11015. https://doi.org/10.1007/
s11856-011-0114-5.

[2] M. BEIGLBOCK, V. BERGELSON, N. HINDMAN, and D. STRAUSS, Multiplicative
structures in additively large sets, J. Combin. Theory Ser. A 113 (2006), 1219-
1242. MR 2259058. Zbl 1105.05071. https://doi.org/10.1016/j.jcta.2005.11.003.

[3] M. BEIGLBOCK, V. BERGELSON, N. HINDMAN, and D. STRAUSS, Some new
results in multiplicative and additive Ramsey theory, Trans. Amer. Math. Soc.
360 (2008), 819-847. MR 2346473. Zbl 1136.05074. https://doi.org/10.1090/
S0002-9947-07-04370-X.


http://www.ams.org/mathscinet-getitem?mr=2837141
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1300.11015
https://doi.org/10.1007/s11856-011-0114-5
https://doi.org/10.1007/s11856-011-0114-5
http://www.ams.org/mathscinet-getitem?mr=2259058
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1105.05071
https://doi.org/10.1016/j.jcta.2005.11.003
http://www.ams.org/mathscinet-getitem?mr=2346473
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1136.05074
https://doi.org/10.1090/S0002-9947-07-04370-X
https://doi.org/10.1090/S0002-9947-07-04370-X

1088

[4]

[10]

[11]

[12]

[13]

JOEL MOREIRA

V. BERGELSON and A. LEIBMAN, Polynomial extensions of van der Waerden’s
and Szemerédi’s theorems, J. Amer. Math. Soc. 9 (1996), 725-753. MR 1325795.
Zbl 0870.11015. https://doi.org/10.1090/S0894-0347-96-00194-4.

V. BERGELSON and A. LEIBMAN, Set-polynomials and polynomial extension
of the Hales-Jewett theorem, Ann. of Math. 150 (1999), 33-75. MR 1715320.
Zbl 0969.05061. https://doi.org/10.2307/121097.

V. BERGELSON, A. LEIBMAN, and E. LESIGNE, Intersective polynomials and the
polynomial Szemerédi theorem, Adv. Math. 219 (2008), 369-388. MR 2435427.
Zbl 1156.11007. https://doi.org/10.1016/j.aim.2008.05.008.

V. BERGELSON, Ergodic Ramsey theory, in Logic and Combinatorics (Arcata,
Calif., 1985), Contemp. Math. 65, Amer. Math. Soc., Providence, RI, 1987,
pp. 63-87. MR 0891243. Zbl 0642.10052. https://doi.org/10.1090,/conm/065/
891243.

V. BERGELSON, Ergodic Ramsey theory—an update, in Ergodic Theory of Z%
Actions (Warwick, 1993-1994), London Math. Soc. Lecture Note Ser. 228, Cam-
bridge Univ. Press, Cambridge, 1996, pp. 1-61. MR 1411215. Zbl 0846.05095.
https://doi.org/10.1017/CB09780511662812.002.

V. BERGELSON, Multiplicatively large sets and ergodic Ramsey theory, Israel
J. Math. 148 (2005), 23-40. MR 2191223. Zbl 1093.11003. https://doi.org/10.
1007/BF02775431.

V. BERGELSON, H. FURSTENBERG, and R. MCCUTCHEON, IP-sets and
polynomial recurrence, Ergodic Theory Dynam. Systems 16 (1996), 963-974.
MR 1417769. Zbl 0958.28013. https://doi.org/10.1017/S0143385700010130.

V. BERGELSON and N. HINDMAN, Partition regular structures contained in large
sets are abundant, J. Combin. Theory Ser. A 93 (2001), 18-36. MR 1807110.
Zbl 0966.05078. https://doi.org/10.1006/jcta.2000.3061.

V. BERGELSON, J. JOHNSON, and J. MOREIRA, New polynomial and multidi-
mensional extensions of classical partition results, 2015. arXiv 1501.02408.

V. BERGELSON and J. MOREIRA, Ergodic theorem involving additive and mul-
tiplicative groups of a field and {x + y, zy} patterns, 2016, to appear in Ergodic
Theory Dynam. Systems. https://doi.org/10.1017/etds.2015.68.

V. BERGELSON and J. MOREIRA, Measure preserving actions of affine semi-
groups and {z +y, zy} patterns, Ergodic Theory Dynam. Systems (2016), 26 pp.,
published online: 26 July 2016. https://doi.org/10.1017/etds.2016.39.

V. BERGELSON and J. MOREIRA, Van der Corput’s difference theorem:
some modern developments, Indag. Math. 27 (2016), 437-479. MR 3479166.
Zbl 06567937. https://doi.org/10.1016/j.indag.2015.10.014.

J. CILLERUELO, Combinatorial problems in finite fields and Sidon sets, Combi-
natorica 32 (2012), 497-511. MR 3004806. Zbl 1291.11025. https://doi.org/10.
1007/s00493-012-2819-4.

P. CsikvArl, K. GYARMATI, and A. SARKOZY, Density and Ramsey type
results on algebraic equations with restricted solution sets, Combinatorica
32 (2012), 425-449. MR 2965285. Zbl 1286.11026. https://doi.org/10.1007/
s00493-012-2697-9.


http://www.ams.org/mathscinet-getitem?mr=1325795
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0870.11015
https://doi.org/10.1090/S0894-0347-96-00194-4
http://www.ams.org/mathscinet-getitem?mr=1715320
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0969.05061
https://doi.org/10.2307/121097
http://www.ams.org/mathscinet-getitem?mr=2435427
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1156.11007
https://doi.org/10.1016/j.aim.2008.05.008
http://www.ams.org/mathscinet-getitem?mr=0891243
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0642.10052
https://doi.org/10.1090/conm/065/891243
https://doi.org/10.1090/conm/065/891243
http://www.ams.org/mathscinet-getitem?mr=1411215
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0846.05095
https://doi.org/10.1017/CBO9780511662812.002
http://www.ams.org/mathscinet-getitem?mr=2191223
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1093.11003
https://doi.org/10.1007/BF02775431
https://doi.org/10.1007/BF02775431
http://www.ams.org/mathscinet-getitem?mr=1417769
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0958.28013
https://doi.org/10.1017/S0143385700010130
http://www.ams.org/mathscinet-getitem?mr=1807110
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0966.05078
https://doi.org/10.1006/jcta.2000.3061
http://www.arxiv.org/abs/1501.02408
https://doi.org/10.1017/etds.2015.68
https://doi.org/10.1017/etds.2016.39
http://www.ams.org/mathscinet-getitem?mr=3479166
http://www.zentralblatt-math.org/zmath/en/search/?q=an:06567937
https://doi.org/10.1016/j.indag.2015.10.014
http://www.ams.org/mathscinet-getitem?mr=3004806
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1291.11025
https://doi.org/10.1007/s00493-012-2819-4
https://doi.org/10.1007/s00493-012-2819-4
http://www.ams.org/mathscinet-getitem?mr=2965285
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1286.11026
https://doi.org/10.1007/s00493-012-2697-9
https://doi.org/10.1007/s00493-012-2697-9

[18]

[24]

[25]

[26]

MONOCHROMATIC SUMS AND PRODUCTS IN N 1089

N. FRANTZIKINAKIS and B. HOST, Higher order Fourier analysis of multiplicative
functions and applications, J. Amer. Math. Soc. 30 (2017), 67-157. MR, 3556289.
Zbl 06640527. https://doi.org/10.1090/jams/857.

H. FURSTENBERG, Recurrence in Ergodic Theory and Combinatorial Number
Theory, Princeton Univ. Press, Princeton, N.J., 1981. MR 0603625. Zbl 0459.
28023.

H. FURSTENBERG and B. WEIss, Topological dynamics and combinatorial num-
ber theory, J. Analyse Math. 34 (1978), 61-85 (1979). MR 0531271. Zbl 0425.
54023. https://doi.org/10.1007/BF02790008.

H. FURSTENBERG, Ergodic behavior of diagonal measures and a theorem of
Szemerédi on arithmetic progressions, J. Analyse Math. 31 (1977), 204-256.
MR 0498471. Zbl 0347.28016. https://doi.org/10.1007/BF02813304.

R. L. GranaMm, B. L. ROTHSCHILD, and J. H. SPENCER, Ramsey Theory,
second ed., Wiley-Intersci. Ser. Discrete Math. Optim., John Wiley & Sons, New
York, 1990. MR 1044995. Zbl 0705.05061.

B. GREEN and T. SANDERS, Monochromatic sums and products, Discrete Anal.
(2016), Paper No. 613, 43. MR 3533304. Zbl 06637038. https://doi.org/10.19086/
da.613.

B. HANsON, Capturing forms in dense subsets of finite fields, Acta Arith.
160 (2013), 277-284. MR 3106098. Zbl 1316.11011. https://doi.org/10.4064/
aal60-3-4.

N. HINDMAN, Partitions and sums and products of integers, Trans. Amer. Math.
Soc. 247 (1979), 227-245. MR 0517693. Zbl 0401.05012. https://doi.org/10.
2307,/1998782.

N. HINDMAN, I. LEADER, and D. STRAUSS, Open problems in partition regular-
ity, Combin. Probab. Comput. 12 (2003), 571-583, Special issue on Ramsey the-
ory. MR 2037071. Zbl 1061.05095. https://doi.org/10.1017/S0963548303005716.
N. HINDMAN and D. STRAUSS, Algebra in the Stone-Cech Compactification, de
Gruyter Exp. Math. 27, Walter de Gruyter & Co., Berlin, 1998. MR 1642231.
Zbl 0918.22001. https://doi.org/10.1515/9783110809220.

R. McCUTCHEON, A variant of the density Hales-Jewett theorem, Bull. Lond.
Math. Soc. 42 (2010), 974-980. MR 2740017. Zbl 1262.05150. https://doi.org/
10.1112/blms/bdq051.

R. RADO, Studien zur kombinatorik, Math. Zeit. 36 (1933), 424470. MR 1545354.
Zbl 0006. 14603. https://doi.org/10.1007/BF01188632.

A. SARKOZY, On difference sets of sequences of integers. I, Acta Math. Acad. Sci.
Hungar. 31 (1978), 125-149. MR 0466059. Zbl 0387.10033. https://doi.org/10.
1007/BF01896079.

I. Scuur, Uber die kongruenz z™ + y™ = z™(mod p), Jahresbericht der
Deutschen Math. Verein. 25 (1916), 114-117. Zbl 46.0193.02. Available at
http://eudml.org/doc/145475.

I. D. SHKREDOV, On monochromatic solutions of some nonlinear equations in
7./pZ, Mat. Zametki 88 (2010), 625-634. MR 2882224. Zbl 1232.05225. https:
//doi.org/10.1134/50001434610090336.


http://www.ams.org/mathscinet-getitem?mr=3556289
http://www.zentralblatt-math.org/zmath/en/search/?q=an:06640527
https://doi.org/10.1090/jams/857
http://www.ams.org/mathscinet-getitem?mr=0603625
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0459.28023
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0459.28023
http://www.ams.org/mathscinet-getitem?mr=0531271
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0425.54023
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0425.54023
https://doi.org/10.1007/BF02790008
http://www.ams.org/mathscinet-getitem?mr=0498471
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0347.28016
https://doi.org/10.1007/BF02813304
http://www.ams.org/mathscinet-getitem?mr=1044995
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0705.05061
http://www.ams.org/mathscinet-getitem?mr=3533304
http://www.zentralblatt-math.org/zmath/en/search/?q=an:06637038
https://doi.org/10.19086/da.613
https://doi.org/10.19086/da.613
http://www.ams.org/mathscinet-getitem?mr=3106098
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1316.11011
https://doi.org/10.4064/aa160-3-4
https://doi.org/10.4064/aa160-3-4
http://www.ams.org/mathscinet-getitem?mr=0517693
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0401.05012
https://doi.org/10.2307/1998782
https://doi.org/10.2307/1998782
http://www.ams.org/mathscinet-getitem?mr=2037071
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1061.05095
https://doi.org/10.1017/S0963548303005716
http://www.ams.org/mathscinet-getitem?mr=1642231
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0918.22001
https://doi.org/10.1515/9783110809220
http://www.ams.org/mathscinet-getitem?mr=2740017
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1262.05150
https://doi.org/10.1112/blms/bdq051
https://doi.org/10.1112/blms/bdq051
http://www.ams.org/mathscinet-getitem?mr=1545354
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0006.14603
https://doi.org/10.1007/BF01188632
http://www.ams.org/mathscinet-getitem?mr=0466059
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0387.10033
https://doi.org/10.1007/BF01896079
https://doi.org/10.1007/BF01896079
http://www.zentralblatt-math.org/zmath/en/search/?q=an:46.0193.02
http://eudml.org/doc/145475
http://www.ams.org/mathscinet-getitem?mr=2882224
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1232.05225
https://doi.org/10.1134/S0001434610090336
https://doi.org/10.1134/S0001434610090336

1090 JOEL MOREIRA

[33] E. SzEMEREDI, On sets of integers containing no & elements in arithmetic pro-
gression, Acta Arith. 27 (1975), 199-245. MR 0369312. Zbl 0303.10056.

[34] L. A. VINH, Monochromatic sum and product in Z/mZ, J. Number Theory 143
(2014), 162-169. MR 3227340. Zbl 1296.11017. https://doi.org/10.1016/j.jnt.
2014.02.004.

[35] B. L. VAN DER WAERDEN, Beweis einer baudetschen vermutung, Nieuw. Arch.
Wisk. 15 (1927), 212-216. Zbl 53.0073.12.

(Received: May 4, 2016)

NORTHWESTERN UNIVERSITY, EVANSTON, IL
E-mail: joel.moreira@northwestern.edu


http://www.ams.org/mathscinet-getitem?mr=0369312
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0303.10056
http://www.ams.org/mathscinet-getitem?mr=3227340
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1296.11017
https://doi.org/10.1016/j.jnt.2014.02.004
https://doi.org/10.1016/j.jnt.2014.02.004
http://www.zentralblatt-math.org/zmath/en/search/?q=an:53.0073.12
mailto:joel.moreira@northwestern.edu

	1. Introduction
	1.1. Historical background and motivation
	1.2. Main results

	2. Definitions, notation and conventions
	2.1. The affine semigroup
	2.2. Piecewise syndetic sets

	3. An affine topological correspondence principle
	3.1. Reducing Theorem 1.4 to Theorem 3.1
	3.2. Proof of the correspondence principle

	4. Proof of Theorem 3.1
	4.1. A version of the polynomial van der Waerden theorem
	4.2. Outline of the proof
	4.3. Proof of Theorem 3.1

	5. An elementary proof that the family {x,x+y,xy} is Ramsey
	6. Ramsey theoretic applications
	7. Extensions to LID
	References

